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Abstract
Originally proposed in high energy physics as particles, which are their own
anti-particles, Majorana fermions have never been observed in experiments. However,
possible signatures of their condensed matter analog, zero energy, charge neutral,
quasiparticle excitations, known as Majorana zero modes (MZMs), are beginning
to emerge in experimental data. The primary method of engineering topological
superconductors capable of supporting MZMs is through proximity-coupled semiconductor nanowires with strong Rashba spin-orbit coupling and an applied magnetic
field. Recent tunneling transport experiments involving these materials, known as
semiconductor-superconductor heterostructures, were capable for the first time of
measuring quantized zero bias conductance plateaus, which are robust over a range
of control parameters, long believed to be the smoking gun signature of the existence of MZMs. The possibility of observing Majorana zero modes has garnered
great excitement within the field due to the fact that MZMs are predicted to obey
non-Abelian quantum statistics and therefore are the leading candidates for the creation of qubits, the building blocks of a topological quantum computer. In this work,
we first give a brief introduction to Majorana zero modes and topological quantum
computing (TQC). We emphasize the importance that having a true topologically
protected state, which is not dependent on local degrees of freedom, has with regard
to non-Abelian braiding calculations. We then introduce the concept of partially
ii

separated Andreev bound states (ps-ABSs) as zero energy states whose constituent
Majorana bound states (MBSs) are spatially separated on the order of the Majorana
decay length. Next, through numerical calculation, we show that the robust 2e2 /h
zero bias conductance plateaus recently measured and claimed by many in the community to be evidence of having observed MZMs for the first time, can be identically
created due to the existence of ps-ABSs. We use these results to claim that all localized tunneling experiments, which have been until now the main way researchers have
tried to measure MZMs, have ceased to be useful. Finally, we outline a two-terminal
tunneling experiment, which we believe to be relatively straight forward to implement
and fully capable of distinguishing between ps-ABSs and true topologically protected
MZMs.
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(Color online) A Kitaev chain modeled as a chain of spinless fermions
Ni (grey circles), each of which is comprised of a pair of Majorana operators γi (red). The toy-model supports two different topological phases:
the trivial phase (top), in which neighboring Majorana operators (red)
are coupled within each electron (grey) (Eq. 1.29); and the topological
phase, in which neighboring Majorana operators are coupled by the
hopping energy between electrons (Eq. 1.30). The topological phase
(bottom) supports a pair of spatially separated Majorana operators. .
Low-energy spectrum as a function of chemical potential µ for a pwave superconducting Kitaev chain. A pair of degenerate zero-energy
Majorana modes which remain robust to increasing µ until until the
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(left) When an electron is transported around a tube of magnetic
flux the wavefunction
is modified such that it acquires a flux ϕ =

Φ
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only
dependent on the number of times that the
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electron wrapped around the tube, here the number of wrappings is
a topological invariant. (center) Plot of Berry curvature for a Dirac
semimetal. The Berry curvature (orange arrows) behaves analogous
to a magnetic field in momentum space, with two monopoles. (right)
Plot of the energy levels in a Dirac semimetal. Applying a Zeeman
field lifts the spin degeneracy in the two four-fold degenerate Dirac
points (similar to approach taken in SM-SC heterostructure), producing four doubly-degenerate Weyl points with a non-vanishing Chern
number. The non vanishing Chern number is an example of a topologically protected state which can only be changed by closing the band
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(left) Topological information processing based on space-time braiding
operations on non-abelian anyons. The register is initialized, by preparing pairs of anyons. Processing of the information is done through a
series of adiabatic particle exchanges, such that the trajectories of the
particles trace out a braid in space-time. A measurement is performed
by bringing particles together after the calculation. Because the information processed is only dependent on weather or not the particles
followed the correct braid, the information is encoded non-locally and
thus is topologically protected. (right) Braid groups are topologically
equivalent if they can be deformed into one another without cutting
the strings, or through use of the Jones polynomial. . . . . . . . . . . 22
(left) A model for a topological quantum computer based on a network of one-dimensional proximitized nanowires. Particle exchanges
are, performed using T-junctions as shown in inset, such that the trajectories of the particles trace out a braid in space-time. A measurement is performed by bringing particles together after the calculation.
(right) Mapping of braiding to traditional quantum gates as in Eq. 1.35. 24
Schematic of a one dimensioal SM-SC heterostructure as described by
Eq. 2.1 (reproduced from [61]) with a magnetic field pointed along the
wire. Majorana zero modes located at the end of the wire will produce
a zero bias conductance peak in local charge tunneling experiments. .
Energy spectrum associated with Eq. 2.1 (∆ = 0) (left) for a semiconducting wire (µ ∼ 0, αR = 0, Γ = 0), (middle) a a semiconducting wire
with strong spin orbit coupling (µ ∼ 0, αR > 0, Γ = 0), and (right) a
semiconducting wire with strong spin orbit coupling and magnetic field
applied along the direction of the wire (µ ∼ 0, αR > 0, Γ > 0). The
spin-orbit coupling shifts the parabolas in momentum space, lifting the
degeneracy between the spin-bands. Application of the Zeeman field
then opens the band gap, allowing the chemical potential to be tuned
within the gap such that it only crosses one spin-band . . . . . . . . .
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(Color online) Schematic representation of the SM-SC heterostructure
in Ref. [35] (see also Ref. [38] and Ref. [40]). Proximitized semiconductor nanowire coupled to a quantum dot, where the dot is represented
by the segment of the wire that is not covered by the superconductor. (A) The induced paring is ∆ind = 0.25 meV in the proximitized
region and vanishes in the dot region. (B) Effective potential V1 (x)
normalized by ∆ind = 0.25 meV; the dot corresponds to a potential
valley. (C) Effective potential V1 (x) normalized by ∆ind = 0.25 meV;
the dot is modeled as a potential step. In this paper we model the
quantum dot as a potential step, while Refs. [38],Liu-Sau model the
quantum dot as a potential valley. Which one of the profiles V1 (x) or
V2 (x) better represents the potential characterizing the quantum dot
in the quantum dot-nanowire-superconductor hybrid devices realized
in the laboratory depends on the specific materials, the work function
difference between the semiconductor and the superconductor, and on
the voltage applied under the dot region. . . . . . . . . . . . . . . . .
(Color online) Low-energy spectrum as function of the applied Zeeman
field for a system with an effective potential profile V1 (x) (top and
middle panels) and V2 (x) (bottom panel). The potential profiles, the
system parameters ∆ind and µ (measured relative to the bottom of
the band), as well as the length of the wire are given in Fig. 2.3.
The values of the Rashba spin-orbit coupling α indicated on the figure
are in units of meV·Å. We have considered a single chain with lattice
constant a = 10 nm, tx = 12.7 meV (corresponding to an effective mass
mef f = 0.03m0 ), ty = αy = 0 and the Zeeman field oriented along the
wire. The spatial profiles of the MBSs χA and χB associated with the
low-energy modes labeled by roman numerals are shown in Figs. 2.5
and 2.6. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
(Color online) Spatial profiles of the Majorana bound states χA and χB
(yellow/light gray and red/gray, respectively) defined by Eqs. (2.3) and
(2.4) for the low-energy modes labeled by roman numerals in Fig. 2.4.
Mode (I) is a “true” Majorana mode characterized by two MBSs localized near the opposite ends of the wire (top panel). Modes (II) and
(III) are “standard” ABSs consisting of two MBSs that are practically
on top of each other (middle and lower panels). The values of the
model parameters are given in Fig. 2.3 and Fig. 2.4. . . . . . . . . . .
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(Color online) Spatial profiles of the Majorana bound states χA and
χB (yellow/light gray and red/gray, respectively) defined by Eqs. (2.3)
and (2.4) for the low-energy modes marked by roman numerals in the
lower panel of Fig. 2.4. The trivial low-energy modes (IV) and (V)
are partially separated ABSs localized near the left end of the system,
which contains the quantum dot. Mode (VI) consists of two MZMs
localized at the opposite ends of the wire. The values of the model
parameters are given in Fig. 2.3 and Fig. 2.4. . . . . . . . . . . . . . .
(Color online) Schematic representation of the experimental set-up in
Ref. [34]. Metallic leads are coupled to each end of a semiconductor
nanowire proximity-coupled to an s-wave superconductor. Potential
gates create tunneling barriers and control the electrostatic energy of
the heterostructure. A bias voltage Vs is applied across the wire. . . .
(Color online) (A) Inhomogeneous potential profiles with characteristic
widths δV = 0.2 µm [red (dark gray)] and δV = 2.0 µm [blue (gray)].
The maximum height/depth of the potential is V0 , which can be positive or negative. (B) and (C) Zeeman field dependence of the lowenergy spectra. (B) A short-range potential inhomogeneity with δV =
0.2 µm and V0 = −0.55 meV induces an ABS that crosses zero energy
in the topologically-trivial region. A robust MZM emerges in the topological regime [orange (gray)]. (C) A long-range inhomogeneity with
δV = 2 µm and V0 = −1 meV generates four nearly-zero energy MBSs
(a ps-ABS near each end) in the topologically-trivial regime [yellow
(light gray)], see Fig. 2.9. The model parameters are tx = 12.7 meV,
ty = αy = 0 (single chain), α = 250 meV·Å, µ = −0.5 meV [panel(B)],
µ = −0.75 meV [panel(C)], ∆ind = 0.25 meV, and the length of the
wire is 2 µm. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
(Color online) Majorana wave functions χA , χB defined in Eq. 2.3 and
Eq. 2.4 for the lowest energy modes in the topologically trivial regime.
(A) A localized potential inhomogeneity (δV = 0.2 µm) generates two
strongly overlapping MBSs, which correspond to a regular “garden
variety” ABS. Such an Andreev bound state resonance can be easily
destabilized from zero energy by a change in the Zeeman field (see
Fig. 2.8) (B) By increasing the width of the inhomogeneity (δV =
0.6 µm), the lowest energy MBSs χA , χB become spatially separated
and another pair of MBSs starts to separate spatially. (C) Four weakly
overlapping MBSs forming a pair of ps-ABSs in a system with longrange potential inhomogeneity (δV = 2 µm). The green and red states
at the two ends originate from the lowest energy spin sub-band, while
the blue and orange states originate from the first higher energy spin
sub-band. The values of the model parameters are given in Fig. 2.8 .
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2.10 (Color online) Low-energy spectra in the presence of a non-homogeneous
potential. The Zeeman field is Γ = 1.75∆ and the chemical potential
(defined relative to the bottom of the top band when V0 = 0) is µ = 2∆.
The values of the other parameters are given in Fig. 2.8. As the characteristic length scale δV increases, robust low-energy ps-ABSs emerge
in the topologically-trivial regime [yellow (light gray) regions in panel
C]. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
3.1

3.2

(Color online)(top) Measurements of the local density of states (LDOS)
as a function of bias potential and Zeeman splitting associated with
a long length scale potential inhomogeneity with characteristic length
δV = 2.0µm (Fig. 2.8). For sufficiently long potential length scales zero
energy crossings in the LDOS spectrum exist in the topologically trivial
regime [yellow (light gray)] due to a ps-ABS at each end. (bottom)
Logarithm of the energy splitting ∆E ∝ exp(−L/ξ) as a function of
wire length L showing exponential protection of the energy splitting in
both the topologically trivial regime [yellow (light gray) dots, Γ = 2.5]
and the topological regime [orange (gray) dots, Γ = 3.5. LDOS was
taken at a temperature of T ≈ 20mK, with the values of the other
parameters given in Fig. 2.8. In the trivial regime the energy splitting
is exponentially suppressed in the length of the wire only when the
length scale of the potential fluctuation is given by the length of the
wire L. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
(Color online)(A) Single lead differential conductance plot of a 2µm
superconductor-semiconductor heterostructure with a normal lead at
one end of the wire. The Zeeman field ranges from Γ = 1.5∆ to Γ = 4∆
with profiles offset for clarity. (B) Two lead differential conductance
in the Coulomb blockade regime as a function of Bias potential V
and Zeeman splitting Γ with long length scale potential fluctuations
δV = 2.0µm . Peaks exist in both the topologically trivial [yellow
(light gray)] and the topological [orange (gray)] regimes. These peaks
are suppressed at zero energy crossings in the spectrum. (C) Two-lead
“teleportation” differential conductance as a function of bias potential
at Γ = 4∆, showing exponential suppression with length of the wire.
In this figure, all conductance calculations were performed for a chain
at a temperature T ≈ 20mK, with the values of the other parameters
given in Fig. 2.8 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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Schematic of the experimental setup for a ring with Aharonov-Bohm
geometry. Two leads described by Eq. 3.5 held at a potential V , are
coupled to each other and to the end of a topological superconducting
wire described by Eq. 3.5. Numerical calculations were carried out
in KWANT [107], for a ring of radius 1µm. The values chosen for
the topological superconductor (TSC) were chosen similar to those
in Sec. 2.5 with a symmetric potential profile of V0 = −5.5∆ and
and chemical potential µ = −2.35∆. The Zeeman field in the wire is
Γw = 2.7∆. The phase difference between the leads can be accounted
for with Peierls’s substitution [108] by adding a phase factor to the
hopping energy, t → t exp (iφ/2), of all of the lattice sites between the
leads on the bottom half of the wire. . . . . . . . . . . . . . . . . . . 56
Conductances of the two wires as a function of the phase factor for
the topologically trivial “crossover” regime (lef t) with a Zeeman field
within the TSC of Γ = 2.7∆, and the topological regime (A) with a
Zeeman field within the TSC of Γ = 4.0∆. The conductance oscilations
are nearly identical for wires within the crossover regime and the topological regime. Both show the signature 2π periodicity associated with
the existence of Majorana fermions as well as resonant peaks quantized
at 2e2 /h. Numerical values used in this calculation are given in Fig. 3.3. 58
[(a)-(c)] Profiles of lowest energy mode wave functions: (a) A standard
ABS consisting of a pair of overlapping MBSs, (b) a ps-ABS consisting
of two overlapping MBSs whose separation is on the order of the Majorana decay length ζ, and (c) a pair of non-Abelian MZMs localized
at opposite ends of the wire. . . . . . . . . . . . . . . . . . . . . . . .
(a) Proximitized nanowire junction in which a portion of the semiconductor wire (SM) is not covered by the superconductor (SC), represented by a quantum dot (QD). (b) Quantum dot potential V (x) =
Vbarrier + Vdot as described by Eq. 4.2 may form within the QD due to
a combination of tunnel coupling to the metallic lead (Vbarrier ) as well
as application of the tunnel gate potentials (Vdot ). Parameters used
here were, barrier potential height Z = 16∆ and width xt = 0.02µm,
a quantum dot of width x0 ∼ 0.5µm with a potential height V ∼ 5.5∆
which varies over a length scale of σV ∼ 27.5nm. Induced pairing ∆(x)
described by Eq. 4.3 is present within the proximitized region of the
wire. Here we used ∆ind ∼ 0.25meV which varies over a length scale
of σ∆ ∼ 27.5nm. Robustness of the zero bias peaks to different values
of the barrier and dot potentials is shown in Figs. 4.5 and 4.7. . . . .
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[(a),(b)] Low-energy spectra as a function of Zeeman field for a nanowire
with the potential profile in Fig. 4.2(b). The Zeeman field Γ > Γc region is marked by the red zero energy mode (MZM), while the blue
zero mode marks the region supporting ps-ABSs. [(c),(d)] Differential
conductance spectra as a function of Zeeman field corresponding to
energy spectra in panels (a) and (b) respectively. (e) Zero bias line
cuts from conductance spectra in panels (c) and (d) showing 2e2 /hquantized conductance plateaus against variation of the Zeeman field
for two representative values of the chemical potential due to the presence of a ps-ABS (blue) and MZM (red). . . . . . . . . . . . . . . . .
[(a),(b)] Vertical line cuts from the differential conductance spectra
shown in 4.3(c) showing a 2e2 /h–quantized ZBCP due to the presence
of a ps-ABS (blue, Zeeman field Γ < Γc with Γc the critical field) and a
MZM (red, Γ > Γc ). Temperature dependence of ZBCP from 20 mK to
440 mK in steps of 20 mK shows gradual decrease of the peak height.
(c) Full width at half maximum (FWHM) as a function of temperature
T for ps-ABS (blue) and MZM (red) of curves taken from panels (a)
and (b). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
(Color online) [(a)-(c)] Differential conductance as a function of barrier
height Z and bias potential associated with a standard ABS (Γ =
.25Γc ) (a), a ps-ABS (Γ = .75Γc ) (b), and a pair of MZMs (Γ = 1.05Γc )
(c). [(d-f)] Zero bias line cuts for panels (a)–(c) showing the MZMs
and ps-ABSs forming nearly identical profiles which plateau at 2e2 /h
for a wide range of barrier heights. The standard ABS peak height
panel (d) may take any value between 0 and 4e2 /h and quickly goes
to 0 with increased barrier height. [(g),(h)] Vertical line cuts from
panels(b),(c) showing ZBCPs quantized at 2e2 /h over a large range of
barrier potential heights Z for both ps-ABS and MZM. . . . . . . . .
(Color online) [(a),(b)] low-energy spectra as a function of quantum dot
potential height V associated with the potential profile in Fig. 4.2(b)
for ps-ABS (blue, Γ < Γc ) and MZM (red, Γ > Γc ). Here and in the
following plots Vc = 2µ is taken as the reference dot potential, while
the dot potential V is varied between .25Vc = 2∆ and Vc = 2µ = 8∆.
[(c),(d)] Plots of differential conductance as a function of dot potential
height V and bias potential for values consistent with energy-spectra
shown in panels (a) and (b). . . . . . . . . . . . . . . . . . . . . . . .
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(Color online) [(a)-(d)] Horizontal zero bias line cuts with panel (a)
corresponding to Fig. 4.6, and panels (b)-(d) corresponding to identical
systems with decreased QD lengths x0 , given in plots. The formation
of a 2e2 /h-quantized plateau can be seen for both ps-ABSs (blue) and
MZMs (red) as a function of quantum dot potential, and persists for a
wide range of QD lengths x0 . As the length of the QD x0 is decreased,
the overlap between the constituent MBSs increases, as a result the zero
bias conductance plateau associated with the ps-ABS (blue) becomes
less robust to changes in the dot potential V . . . . . . . . . . . . . .
4.8 (Color online)(a) Low-energy spectra as a function of chemical potential. The red line signifies the topological region supporting MZMs,
the blue line shows a non-topological region supporting ps-ABSs which
stick to zero energy for a wide range of chemical potential. (b) Zero
bias line cut taken from (c) showing a robust 2e2 /h–quantized conductance plateau forming in the topologically trivial regime due to the
presence of a ps-ABS. (c) Differential conductance spectrum as a function of chemical potential for parameter values consistent with values
in the caption for Fig. 4.2. . . . . . . . . . . . . . . . . . . . . . . . .
4.9 (Color online) [(a),(b)] Differential conductance as a function of the in
plane angle of the Zeeman field for the ps-ABS (a) and the MZM (b)
shown in Figs. 4.1(b) and 4.1(c). A ZBCP appears for a small angle in
which the Zeeman field is almost aligned with the wire. As the angle
between the wire and the direction of the Zeeman field is increased the
ZBCP is destroyed in both cases due to splitting. [(c),(d)] Low-energy
spectra as a function of Zeeman field the blue (red) region represents
values of the Zeeman field for which the wire supports ps-ABSs (MZMs)
at φ = 0. In plane rotation of the Zeeman field similarly destroys the
ability of both ps-ABSs and MZMs to form stable zero modes. [(e,(f)]
Zero bias line cuts associated with pannels (g),(h) respectively. As
the magnetic field is increased and the spectrum becomes gapless the
2e2 /h-quantized conductance plateau is destroyed in both the ps-ABS
and MZM regime. [(g),(h)] Differential conductance as a function of
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Chapter 1
Introduction
This chapter is meant to serve as an introduction to topological phenomena in
proximitized nanowires, and the application of these phenomena to topological quantum computing. We begin with the concept of a Majorana fermion emerging as a
particle, which is its own antiparticle in quantum field theory. We establish the properties of the Majorana fermion in order to introduce the concept of an analogous Majorana zero mode (MZM) emerging as a quasiparticle excitation in condensed matter
systems. Because Majorana zero modes emerge as bound states within topological superconductors, we then review BCS superconductivity and the Bogoliubovde Gennes
formalism of superconductivity, which is used throughout this paper. Using a model
of p-wave superconductivity we then demonstrate the idea of a MZM emerging as a
bound state solution to the Dirac equation, the concept of bulk-edge correspondence,
and topological protection.
After establishing the idea of a MZM, we give a brief introduction to quantum
computation. In this introduction we give a brief overview of unitary operations,
performed using quantum gates, in order to introduce the idea of decoherence and the
need for error correction. We then introduce the idea of topologically protected states,
1

why they are robust to perturbations, and how the use of these states in quantum
information processing can completely eliminate the need for error correction. Finally,
we outline a method involving braiding of the world lines of non-abelian particles, such
as the MZMs described throughout this paper, in order to carry out the calculations
in a topological quantum computation.
This chapter is meant to emphasize the importance of having a truly topologically protected state, which is not dependent on fine tuning of any local degrees of
freedom, in performing error free topological quantum computations.

1.1

Majorana Fermions as a solution to the Dirac
Equation
The general form of the time-dependent Schrödinger equation

Ĥ |Ψ (t)i = i

∂
|Ψ (t)i
∂t

(1.1)

(~ = c = 1) which describes a quantum mechanical system evolving with time, was
first introduced by Erwin Schrödinger in 1926 [1] in the form of a position space wave
equation,



−~2 2
∂
∇ + V (r, t) Ψ (r, t) = i~ Ψ (r, t)
2µ
∂t

(1.2)

describing a single non-relativistic particle moving in a potential. Before proposing
the non-relativistic version of his wave equation (Eq. 1.2), Schrödinger considered a
relativistic second-order wave equation, which can be found by defining a Hamiltonian
based on the relativistic energy momentum relation Ĥ 2 = p̂2 + m2 , and differentiating
∂
Eq. 1.1 with respect to time iĤ ∂t
|Ψ (t)i =

2

∂2
∂t2

|Ψ (t)i = H 2 |Ψ (t)i Applying the

relativistic Hamiltonian H 2 in position space hr| p̂ |Ψ (t)i = −∇2 Ψ (r, t), results in a
second order relativistic wave equation


∂2
2
2
∇ − 2 − m ψ (r, t) = 0
∂t

(1.3)

This equation was abandoned by Schrödinger because it failed to take into account
the spin of the electron. The equation, more commonly written in its covariant
form ∂µ ∂ µ ψ + m2 ψ = 0, became known as the Klein-Gordon equation [2, 3], and is
used in quantum field theory to describe relativistic spin-0 particles. Immediately
following the publication of Schrödinger’s wave equation, physicists began searching
for a first order relativistic generalization of Eq. 1.2. Early attempts to incorporate
the relativistic energy momentum relation E 2 = p2 + m2 into Eq. 1.1 by elevating
q
momentum to a position space operator such that Ĥ → (−i∇)2 + m2 were unable
to create a covariant wave equation, and lead to equations which were non-local.
Until in 1926 Paul Dirac published his historic paper [4] in which, by factoring the

momentum space Hamiltonian, pµ pµ − m2 = (γ κ pκ + m) γ λ pλ − m , in Eq. 1.3 he
showed that the anti-commutation conditions for the cross terms on the right hand
side to vanish are
{γ µ , γ ν } = 2g µν

(1.4)

with the Minkowski metric


g µν



0
0
1 0


0 −1 0
0


=

0 0 −1 0 




0 0
0 −1

3

(1.5)

Initially Dirac recognized that, while the Pauli spin matrices satisfied the non-commutation
relations (known as Clifford algebra [5, 6]) for the γ’s, there was no way of finding a
4th linearly independent 2 × 2 matrix for the representation. Dirac showed that the
smallest set of four non-commuting elements which satisfied this condition were a set
of 4 × 4 matrices of the form








I0 0 
 0 σ1 
 0 σ2 
 0 σ3 
1
2
3
γ0 = 
, γ = 
, γ = 
, γ = 

0 −I0
−σ1 0
−σ2 0
−σ3 0
(1.6)
now known as Dirac matrices. For reasons which will become evident later, in condensed matter physics it is common practice to represent these matrices as the Kronecker product of two Pauli matrices γ 0 = σ0 τ3 ,

γ j = iσj τ2 where j = {1, 2, 3} and

σi and τj are Pauli matrices. The final result yields a one dimensional covariant wave
equation describing spin 1/2 particles

(iγ µ ∂µ − m) ψ = 0

(1.7)

known as the Dirac equation. Defining the matrices αi ≡ γ 0 γ i and β ≡ γ 0 the
eigenvalue equation HΨ = EΨ yields the traditional Dirac Hamiltonian

H = α · p + βm

(1.8)

Eigenvalues of HΨ = EΨ will, by construction satisfy the relativistic energy-momentum
p
relation E = ± p2 + m2 , and hence will yield 4 total eigenvalues. Two corresponding to positive energies and two corresponding to negative. The two positive energies
represent a spin

1
2

particle with spin up and spin down. The negative energies repre-

sent an anti particle with spin up and spin down. Dirac hypothesized that all negative
4

energy levels are filled and the electrons we encounter in day to day life are sitting on
a sea of filled negative energy states. He correctly predicted the existence of positrons,
represented by excitations or holes in this Dirac sea. Shortly after Dirac presented
his equation, Ettore Majorana, initially uncomfortable with the idea of a sea of filled
negative energy states, sought a representation for Dirac’s equation which was entirely real. He showed, using a basis in which all of the γ µ matrices are imaginary
γM = {σ2 τ0 , iσ3 τ0 , −iσ2 τ2 , iσ1 τ0 }, that Eq. 1.7 yields real wave functions describing
a particle which is it’s own antiparticle.

ψ† = ψ

(1.9)

While an elementary Majorana fermion has never been shown to exist experimentally,
they have been predicted to appear as quasiparticle excitations in condensed matter
physics, as will be discussed in subsequent sections.

1.2

BCS Superconductivity
In general the Coulomb force will result in repulsive interactions between elec-

trons. But as shown in the historic work by John Bardeen, Leon Cooper, and John
Robert Schrieffer [7], electrons traveling through a solid may form effectively attractive electron-electron interactions due to additional interactions with the lattice. This
attractive interaction results in coupling between a spin up and a spin down electron,
to form an effectively spin-0 particle, known as a Cooper pair. Because the Cooper
pairs [8] behave as effective bosons they are no longer bound by the Pauli exclusion
principle and may all occupy the same state. Superconductivity occurs when all of
the effective bosons occupy the ground state, which is known as Bose-Einstein Con-
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densation [9, 10]. The Hamiltonian for interacting electrons within a solid can be
written [11]
Z
H=

dr

X

ψσ†

σ=↑,↓

Z
Z
1 X
dr dr0 V↑,↓ (r, r0 ) ψα† (r) ψβ† (r0 ) ψβ (r0 ) ψα (r)
(r) hσ ψσ (r) +
2 α,β=↑,↓
(1.10)

Such that hσ = (∇2 /2mσ ) − µσ , in which m is the effective mass of the electron and µ
is the chemical potential. To simplify Eq. 1.10 we assume h↑ = h↓ = h and that, due
to ultra low temperatures the interactions take place via hard sphere interactions,
such that V↑↓ (r, r0 ) = V0 δ (r − r0 ). After integrating Eq. 1.10 becomes
Z
H=

dr

X

ψσ†

Z
(r) hψσ (r) + V0

drψ↑† (r) ψ↓† (r) ψ↓ (r) ψ↑ (r)

(1.11)

σ=↑,↓

1.2.1

Variational method
One of the key predictions for a superconducting state is the existence of a band

gap in the energy spectrum at the Fermi level. This was predicted due to the fact that
a measurement of precisely zero resistance, could only arise if charge carriers are able
to move through the crystal lattice with no interactions between them and the lattice.
This implied that the energy levels of the charge carriers must be quantized such that
there are no energy levels available within the range of lattice interaction energies.
In their original work Bardeen, Cooper, and Schrieffer created a microscopic model
based on the variational method which correctly predicted the ground state energy,
including a band gap based on pairing potential between electrons, as well as the
ground state wavefunctions for a superconductor. To show this we begin by writing
Eq. 1.11 in momentum space, using Bloch’s theorem [12, 13], assuming that the system
is large enough to assume periodic boundary conditions, such that the annihilation
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field operators can be expanded in terms of momentum states ψσ (r) =

√1
V

P

k

eik·r ckσ ,

resulting in the reduced Hamiltonian

Ĥ =

X

k c†kσ ckσ − V0

X

c†k↑ c†−k↓ ck0 ↓ ck0 ↑

(1.12)

k,k0

k,σ

BCS proposed a trial wave function of the form

|φG i ≡

Y

u∗k + vk∗ c∗k↑ c∗−k↓



(1.13)

with |uk |2 + |vk |2 = 1. This implies the the probability that a pair (k↑ , − k↓ ) is
occupied is |vk |2 , while the probability that the pair is unoccupied is |uk |2 = 1 − |vk |2 .
The ground state energy was found using a variational approach by minimizing E =
hφG | Ĥ |φG i with respect to u∗k and vk∗ . Using this work BCS was able to predict a
ground state energy of

E=

q

2k − ∆2 ;

∆ = Vk

X

uk vk

(1.14)

k

where ∆ represented the predicted band gap at the Fermi energy based on the strength
of the pairing potential. They also correctly predicted the ground state wavefunctions.
1
|uk | =
2
2

1.3



k − µ
1+
Ek


;

1
|vk | =
2
2



k − µ
1−
Ek

(1.15)

The Bogoliubov-de Gennes formalism
After BCS released their breakthrough work showing a microscopic description

of the superconducting ground state, a method was introduced in which excitations
to the ground-state energy were described in the form of quasi-particles, known as
7

Bogoliubov quasi-particles [14]. This method, known as Bogoliubov-de Gennes formalism [14, 15], assumes that at low temperature the low energy physics is dominated
by quasi-particles (similar to methods developed by Landau in his Fermi liquid theory
[16]). Because the interactions are assumed to be small, BdG formalism introduces
a mean field approximation to reproduce the results of BCS as well as predict quasiparticle excitations.

1.3.1

Mean field approximation
Because finding an exact analytical solution to many body problems such as

Eq. 1.11 is nearly impossible, approximation methods are often used. One of the most
common methods of simplifying many body problems is a mean field approximation.
This approximation assumes that the value obtained applying an operator has a small
variation from the mean of the operator, such that ψ̂i = hψi i + δψi . For example the
product of two operators under mean field approximation can be written

ψA ψB = hψA i hψB i + hψA i δψB + hψB i δψA + δψA δψB

(1.16)

Keeping only values which are first order in δψi , and substituting δψi = ψ̂i − hψi i
results in the mean field approximation for the product of two operators

ψ̂A ψ̂B = hψA i ψB + hψB i ψA − hψA i hψB i

(1.17)

Applying the mean-field approximation to the interaction term in Eq. 1.11 and neglecting terms of the form hi hi (these are just numbers which will only act to shift

8

the total Hamiltonian) results in
ψ↑† ψ↓† ψ↓ ψ↑ = hψ↓ ψ↑ i ψ↑† ψ↓† + hψ↑† ψ↓† i ψ↓ ψ↑ + hψ↑† ψ↑ i ψ↓† ψ↓


+ hψ↓† ψ↓ i ψ↑† ψ↑ − hψ↑† ψ↓ i ψ↓† ψ↑ + hψ↓† ψ↑ i ψ↑† ψ↓

(1.18)

Note, a general form of the mean-field approximation involving multiple non-commuting
operators can be formulated using Wick’s theorem [17, 18, 19]. Here the fields in
Eq. 1.18 can be classified into 3 distinct types [19]: The pairing fields (hψ↓ ψ↑ i ψ↑† ψ↓† ;
hψ↑† ψ↓† i ψ↓ ψ↑ ) which are responsible for pairing electrons of opposite spin into Cooper


pairs; The Hartree fields hψ↑† ψ↑ i ψ↓† ψ↓ ; hψ↓† ψ↓ i ψ↑† ψ↑ which serve as an additional
chemical potential; and the Fock fields, which equal zero in this Hamiltonian due to


the mean values hψ↑† ψ↓ i = hψ↓† ψ↑ i = 0 . Using this, we define a pairing potential
based on the pairing fields, ∆ (r) = V0 hψ↓ (r) ψ↑ (r)i and a scaled chemical potential
based on the Hartree fields µ̃ = µ − V0 hψ↓† ψ↓ i. Thus the BCS Hamiltonian in Eq. 1.11
can be represented as the mean field Hamiltonian
Z
H=

dr

h

ψ↑†

(r) h̃ψ↑ (r) +

ψ↓†

(r) h̃ψ↓ (r) +

∆ (r) ψ↑†

(r) ψ↓†

i
(r) + ∆ (r) ψ↓ (r) ψ↑ (r)
∗

(1.19)
where h̃ = (−∇2 /2m − µ̃). Following the approach taken in Eq. 1.12, we write
Eq. 1.19 in momentum space

Hk =

X

εk c†kσ ckσ

+

kσ

X

∆k c†k↑ c†−k↓

+

∆∗k c−k↓ ck↑



(1.20)

k

Assuming that ∆ = ∆∗ we can write

HBdG = k σz + i∆σy

;
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T
ψk = ck↑ , c†−k↓

(1.21)

assuming U is a unitary operator which diagonalizes HBdG we can write

H=

X

X †

ψk† U U † HBdG U U † ψk =
φk Ek φk

k

(1.22)

k


 

†
where φ†k = γk↑
, γ−k = c†k↑ , c−k↓ U . Diagonalizing HBdG reproduces the ground
state energy
Ek↑ = −Ek↓ =

q
2k + ∆2

(1.23)

and ground state wavefunctions
1
|uk | =
2
2



k
1+
Ek

;

1
|vk | =
2
2



k
1−
Ek

(1.24)

predicted by BCS theory. The full Hamiltonian in Eq. 1.22 can now be written

H=

X

Ek



†
γk↑
γk↑

+

†
γ−k↓
γ−k↓



(1.25)

k

where γk↑ = uk ck↑ + vk c†−k↓ and γ−k↓ = vk ck↑ + uk c†−k↓ are Bogoliubov quasi-particle
excitations comprised of a superposition of electron and hole operators. From inspection of the Bogoliubov operators it is obvious that particles and holes are treated
on an equal footing, indeed the particle hole symmetry of the Hamiltonian dictates
that if (uk , vk )T is a solution with energy Ek then (u∗k , vk∗ )T is a solution with energy
−Ek . This tells us that vortices where E = 0 are ideal hosts for Majorana modes
of the form γi† = γi . It has been shown that conventional s-wave superconductors
have a zero point energy, which prevents perfectly zero energy modes [20], which lead
researchers to explore more exotic p-wave superconductors as will be discussed later
in the paper
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1.4

p-wave superconducting Kitaev chain
By writing a fermionic operator as a linear combination of operators

c=

1
(γ1 − iγ2 )
2

(1.26)

it is clear that the regular fermionic anti-commutation relations {ci , c†j } = δij , and
{c†i , c†j } = {ci , cj } = 0 are only satisfied if γ1 and γ2 are real and anti-commute. As a
result the γ operators must describe a particle which is its own antiparticle
γi = γi†

(1.27)

Using the linear combination described in Eq. 1.26, any Dirac fermion can always
be defined as a pair of tightly bound Majorana fermions, but can these constituent
Majorana operators be separated in space? In his 2001 paper [21], Alexi Kitaev
created a model based on a 1D p-wave superconducting wire which, while nonphysical
in its original form due to the presence of spinless fermions, would serve as a template
for future models describing physically realizable systems.
Kitaev began his work applying a two state Hamiltonian written in terms of
Majorana operators
1
H = − γ1 γ2
2
to a 1 dimensional string of spinless fermions as shown in Fig. 1.1

11

(1.28)

Figure 1.1: (Color online) A Kitaev chain modeled as a chain of spinless fermions Ni
(grey circles), each of which is comprised of a pair of Majorana operators γi (red).
The toy-model supports two different topological phases: the trivial phase (top), in
which neighboring Majorana operators (red) are coupled within each electron (grey)
(Eq. 1.29); and the topological phase, in which neighboring Majorana operators are
coupled by the hopping energy between electrons (Eq. 1.30). The topological phase
(bottom) supports a pair of spatially separated Majorana operators.

In doing this he realized that depending on how the Majorana operators were
coupled, a system could either be created such as Fig. 1.1 (top) which does not support
spatially isolated Majorana operators, or a system such as Fig. 1.1 (bottom) which
hosts a Majorana operator at each end of the wire. Because the system in in Fig. 1.1
its current form describes a toy-model, Kitaev was not yet concerned with weather
or not a physical mechanism existed which could drive the system from one phase
to the other, only in describing whether or not the two phases existed. Applying
equation 1.28 such that neighboring pairs of Majorana modes are paired within each
electron, as in Fig. 1.1 (top) and setting the on-site occupation energy to µ, results
12

in the trivial Hamiltonian
N
N
X

i X
H1 = µ
γ2n−1 γ2n = −µ
c†n cn
2 n=1
n=1

(1.29)

Applying Eq. 1.28 such that Majorana operators are paired with Majorana operators
of neighboring electrons, as in Fig. 1.1 (bottom), results in a Hamiltonian H2 =
NP
−1
it
γ2n γ2n+1 where t is the energy difference between an empty and a filled state.
n=1

Because the first and last modes are not in the Hamiltonian they represent zeroenergy states. All of the remaining bulk states will have an energy of ± |t|. This is
a 1D system with gaped bulk states and zero-energy edge states. Rewriting Eq. 1.30
in terms of fermionic operators gives

H2 = −it
= −t

N
−1
X

γ2n γ2n+1 = −it

n=1
N
−1 
X

N
−1
X

i c†n − cn



c†n+1 + cn+1



n=1

(1.30)

−cn cn+1 − c†n+1 c†n + c†n+1 cn + c†n cn+1



n=1

Eqs.1.29-1.30 can be viewed as limits of the tight binding Hamiltonian for a 1D
superconducting wire with ∆ = t

H = −µ

X
n

c†n cn − t

X


X
c†n+1 cn + h.c. + ∆
(cn cn+1 + h.c.)

n

(1.31)

n

with µ = onsite energy, t = hopping between sites, ∆ = superconducting pairing and
h.c. = hermitian conjugate. Therefore this Hamiltonian will recreate the Hamiltonian
in equation 1.30, and thus the unpaired Majorana regime, when µ = 0 and ∆ = t.
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Figure 1.2: Low-energy spectrum as a function of chemical potential µ for a p-wave
superconducting Kitaev chain. A pair of degenerate zero-energy Majorana modes
which remain robust to increasing µ until until the bulk band gap closes at µ = 2t.
A plot of the low-energy spectrum as a function of increasing chemical potential
µ (Fig. 1.2), qualitatively shows that the Majorana modes created in Kitaev’s model
exist for a range of parameters and persist until µ = 2t, which is precisely the value
at which the band gap closes. This suggests that the Kitaev chain supports gaped
bulk states and a pair of robust gapless edge states which, because of particle hole
symmetry, can only be destroyed by closing the bulk band gap and bringing the edge
states together. Thus, Kitaev’s toy model has provided an example of bulk edge
correspondence, one of the primary focuses of topological condensed matter theory.
By applying periodic boundary conditions, and Fourier transforming the Hamiltonian
in Eq. 1.31 into momentum space, the Bogoliubovde Gennes BdG Hamiltonian can
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be written,
Z
H=

dxΨ† (k) HBdG Ψ (k)


Ψ† = c† , c
(1.32)

HBdG = (−2t cos k − µ)τz + 2∆τy sin k
where k is the momentum and τz , τy are the Pauli matrices operating in the particlehole space. The bulk band structure for the wire, found by diagonalizing Eq. 1.32 is
q
E = (2t cos k + µ)2 + 4 |∆|2 sin2 k in direct agreement with Fig. 1.2, which shows
a bulk band gap closure at k = {0, π} for µ = ±2t. The point µ = 2t at which the
chain goes from a trivial phase which does not host Majorana zero modes [Fig. 1.1
(top)], to a phase with Majorana modes at each end of the wire [Fig. 1.1 (bottom)], is
known as a topological quantum phase transition (TQPT). This toy model based on
spinless p-wave superconductivity was able to demonstrate bulk edge correspondence,
a topological quantum phase transition, and isolated Majorana operators, the process
of creating a physically realizable system based on this toy model is has been a
source of a large amount of theoretical [22, 23, 24, 25, 26, 27] and experimental
[28, 29, 30, 31, 32, 33, 34, 35, 36] research and is discussed in Sec. 2.1.

1.5

Dirac Equation in condensed matter systems
A key property of a Hamiltonian such as Eq. 1.32, in creating a degenerate

zero-energy ground state with topologically protected zero modes, is that, due to
the superconducting term, the Hamiltonian does not conserve particle number. This
leads to particle-hole symmetry PHBdG P −1 = −HBdG where P = τ1 K and K is
the conjugation operator. This property, requiring that for every solution with +E
there is another solution −E, makes the Dirac equation ideal in studying topological

15

condensed matter systems. Rather than the usual electron-positron relationship in
Dirac’s theory, in condensed matter physics, the equation is used to describe coupling
between electrons of the conduction and valence bands in semiconductors. In systems
of fewer than 3 dimensions, Dirac’s equation can be simplified due to the fact that the
anti-commutation relations Eq. 1.4 are satisfied by the 2 × 2 Pauli spin matrices. As a
result, in the long wavelength limit near the band gap closure at k = 0, Eq. 1.32 can be
written as a modified Dirac Hamiltonian H(k) ≈ mτ3 +2∆kτ2 , where m = − (µ + 2t).
Here the term Dirac Hamiltonian is loosely used to refer to any hamiltonian which
is linear in k. The magnitude of |m| = |µ + 2t| is the value of the band gap closure
with m < 0 constituting the topological phase and m > 0 the topologically trivial
phase. If the value of the m is allowed to vary in space, such that for m (x ≷ 0) ≷ 0,
the real space Hamiltonian can be written.

H = −vτ2 i∂x + m (x) τ3

(1.33)

This one-dimensional Dirac equation is of the form of the Jackiw-Rebbi model, originally describing a one-dimensional particle in a soliton field [37]. Hamiltonians of the
form Eq. 1.33 have been shown to produce zero-energy bound state solutions to the
eigenvalue equation HΨ = EΨ of the form

Z
Ψ± (x) = exp

x

dx0

0

m (x0 )
v





1
 
±1

(1.34)

which exist at the domain walls between positive and negative values of m (x). In
the case of a perfectly clean wire the effective mass term m (x) will only change signs
at the boundaries of the wire. Because the wire can be made arbitrarily long and
the modes described by Eq. 1.34 show an exponential decay, the energy splitting
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due to the overlap in the Majorana end modes is exponentially protected. Thus the
Majorana bound states are topologically protected, and hence extremely robust to
perturbations. The effect of homogeneities within the proximitized nanowires, which
have the effect of changing this effective mass term locally, is the topic of much
research [38, 39, 40, 41, 42, 43], and indeed will be addressed in throughout this
manuscript (Ch. 5, and Ch. 4).

1.6

Quantum Computation
A quantum computer is any physical system which utilizes an algorithm based

on the laws of quantum mechanics to carry out a calculation. Quantum computation
is carried out in three steps: initialization of the system, processing of the information,
and measurement [44, 45]. The first step involves creation of the two state quantum
mechanical systems, known as qbits which serve as the fundamental building blocks
of quantum information processing. This step is unique to the system and involves
creating entangled states from a wide range of physical phenomena including: superconducting circuits [46, 47], trapped ions [48, 49], quantum dots [50, 51], and, as
discussed in this manuscript proximitized nanowires [52, 53, 54]. The second step
discussed in Sec. 1.7.1, involves the application of unitary quantum operators in the
form of quantum logic gates to carry out calculation on the system. The third step involves a measurement on the wavefunction to interpret the results. In this section we
will discuss the creation of quantum logic gates, followed by a discussion of the use of
topologically protected states in the creation of robust quantum gates which remove
the need for error correction, and finally the application of topologically protected
states such as those discussed in this manuscript to quantum information processing.
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1.6.1

Quantum logic gates
A set of logic gates is functionally complete if every possible logic gate can

be comprised using only members of the set. In classical information theory the
fundamental building block of information is a bit, which can be 0 or 1. Therefore a
functionally complete set of classical gates is one which can express all Boolean truth
tables through the composition of members of the set [55]. It can be shown, that all
gates can be created entirely of NAND gates (a logic gate which produces an output
which is false only if all its inputs are true) or entirely of NOR gates (a logic gate
which produces an output which is true only if all its inputs are false), while these are
the minimum functionally complete sets of logic gates, there are other sets consisting
of multiple gates, such as the set of AND and NOT gates.
Quantum logic gates are realized by unitary quantum operators acting on the
two state system. A simple example quantum gate operation is the Pauli-x matrix
acting on a spin state, σx |0i = |1i and σx |1i = |0i, this is the quantum analog of a
classical NOT gate. In quantum computing a universal set of quantum gates is a set
of unitary operators which is sufficient to generate all unitary operators U ∈ U (2n ),
where 2n is the dimension of the Hilbert space corresponding with n qbits. Here it is
important to note that a set of gates may be universal, but require a number of steps
which scales exponentially with the number of qubits n [44], so finding a universal set
of quantum gates which can compute a problem efficiently is one of the main goals of
quantum information science. One such example of a universal set of unitary gates

18

is



1 1 1 
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2 1 −1
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;
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1
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0
CN OT = √ 
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0

0


0 0 0

1 0 0

;
0 0 1


0 1 0

(1.35)

The first gate H acts on a single qbit to create a superposition of states, by mapping
|0i →

1
2

(|0i + |1i) and |1i →

1
2

(|0i − |1i). The second T is a gate known as a phase

shifter, which acts on a single qbit to add a phase. The CNOT gate, which can be
used to entangle quantum states, operates on 2 qubits, flipping the second qubit if
and only if the first qubit is |1i [45].
Conventional quantum computers which are based on local degrees of freedom,
such as nuclear spin, are subject to decoherance due to local perturbations. This
decoherance leads to errors in computations with each successive unitary quantum
gate operation, which need to be corrected using various error correction methods
[56, 57]. Topological quantum computers, which are based on collective degrees of
freedom, such as those in superconductors, rely on topologically protected states to
perform calculations and thus are robust to local perturbations. Thus the search for
a topological quantum computer begins with the search for topologically protected
states.
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1.7
1.7.1

Topological quantum computation
Topologically Protected States

Figure 1.3: (left) When an electron is transported around a tube of magnetic flux the

Φ
, which is only
wavefunction is modified such that it acquires a flux ϕ = exp inq
~
dependent on the number of times that the electron wrapped around the tube, here
the number of wrappings is a topological invariant. (center) Plot of Berry curvature
for a Dirac semimetal. The Berry curvature (orange arrows) behaves analogous to a
magnetic field in momentum space, with two monopoles. (right) Plot of the energy
levels in a Dirac semimetal. Applying a Zeeman field lifts the spin degeneracy in
the two four-fold degenerate Dirac points (similar to approach taken in SM-SC heterostructure), producing four doubly-degenerate Weyl points with a non-vanishing
Chern number. The non vanishing Chern number is an example of a topologically
protected state which can only be changed by closing the band gap.
In mathematics topology is the study of the properties of objects which remain
unchanged when the object is smoothly deformed without tearing. The classic example is of a coffee cup being continuously transformed into a doughnut, in which the
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topological invariant is the hole. A well known example of a topological property in
physics is the AharonovBohm effect effect, a quantum mechanical property related to
the geometric phase of the wavefunction, in which the wavefunction of a charged particle will acquire a phase shift of ∆ϕ =

nq
Φ
~

despite being confined to a region in which

both the magnetic field B and electric field E are zero (Fig. 1.3). Because the phase
shift only depends on the number of times that the electron is wrapped around the
wire and not the trajectory, the phase shift is very robust to perturbations and is an
example of a topologically protected property. The AharonovBohm effect is a specific
H
R
instance of the more general Berry phase γ (C) = i C A (R)·dR = [∇R × A (R)]·da
in which An (R) ≡ i hn; t| ∇R |n; ti , known as the Berry connection plays the roll of
a vector potential, such that the Berry curvature, Ω = ∇k × A (R) behaves analogous to a magnetic field with monopoles in momentum space [Fig. 1.3 (center)]. The
Berry curvature plays an important roll in Weyl and Dirac semimetals (as we have
addressed in previous works [58]) and is associated with a topological invariant known
R
1
Ω(m) (k) dk, related to the band gap closings
as the Chern number Q(m) = − 2π
BZ
in momentum space (Fig. 1.3 (right))
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1.7.2

Braiding operations in TQC

Figure 1.4: (left) Topological information processing based on space-time braiding
operations on non-abelian anyons. The register is initialized, by preparing pairs of
anyons. Processing of the information is done through a series of adiabatic particle
exchanges, such that the trajectories of the particles trace out a braid in space-time.
A measurement is performed by bringing particles together after the calculation. Because the information processed is only dependent on weather or not the particles
followed the correct braid, the information is encoded non-locally and thus is topologically protected. (right) Braid groups are topologically equivalent if they can be
deformed into one another without cutting the strings, or through use of the Jones
polynomial.
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The degenerate ground states of superconducting materials are known to produce non-Abelian quasi particles in 2D+1 dimensions [21]. These non-Abelian particles, known as anyons do not follow the standard boseon/fermion statistics,

ψ (x1 , x2 , . . . ) 6= ±ψ (x2 , x1 , . . . )

(1.36)

because of this, exchanging the particles twice does not produce the identity. In
Fig. 1.4 we outline the process, where by taking advantage of the non-Abelian nature
of the anyons, information can be encoded into the spacetime trajectories of the
anyon exchanges. First the n-qubit register is initialized by pulling pairs of anyons
out of the vacuum. The calculations are then done by adiabatically exchanging the
particles, because the outcome of the calculation only depends on the number of
exchanges undergone and not the trajectories of the particles in the exchanges, the
information in the system is topologically protected. As a result the information in
the system will remain invariant to the introduction of noise. The final step involves
a measurement in which the particle pairs are brought together. The final results are
then interpreted based on which particle pairs hybredize in the final measurement.
Fig. 1.4 (right) shows braiding diagrams for the tow calculations shown in Fig. 1.4
(left), because the two braids can be transformed into one another without cutting
any of the strings (or by using the Jones polynomial [59], the braiding operations are
topologically equivalent.)
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Figure 1.5: (left) A model for a topological quantum computer based on a network
of one-dimensional proximitized nanowires. Particle exchanges are, performed using
T-junctions as shown in inset, such that the trajectories of the particles trace out
a braid in space-time. A measurement is performed by bringing particles together
after the calculation. (right) Mapping of braiding to traditional quantum gates as in
Eq. 1.35.
Because in 1D it would not be possible to braid Majorana zero modes without
bringing the modes together, researchers have proposed a system of T-junctions comprised of proximitized nanowires (Fig 1.5 (left)). Rotation of the Majorana modes
would be carried out adiabatically in three steps as seen in Fig. 1.5 (left inset).
Braiding operations can be mapped to match traditional unitary operators (Eq. 1.35)
associated with traditional quantum gates Fig. 1.5 as described by Ref. [60].
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Chapter 2
Semiconductor-Superconductor
Heterostructures
This chapter serves as an introduction to the semiconductor-superconductor
heterostructure. We begin by describing the path theorists took to engineer a system
with a Hamiltonian, which would reproduce all of the desired qualities of the spinless
p-wave superconductor, in a system which was experimentally realizable and based
on experimental control parameters capable of driving the system into a topological
state. We then introduce partially-separated Andreev bound states (ps-ABSs), which
are comprised of pairs of overlapping Majorana bound states (MBSs). We show that
these states arise in spin-orbit coupled semiconductor-superconductor (SM-SC) hybrid nanowires due to generically occurring long length scale inhomogeneities and
interpolate continuously between “garden variety” ABSs, consisting of two MBSs sitting on top of each other, and topologically protected Majorana zero modes (MZMs),
in which the constituent MBSs are separated by a distance given by the length of the
wire. A portion of this chapter has been accepted for publication: Moore, Christopher,
Tudor D. Stanescu, and Sumanta Tewari Physical Review B 97.16(2018) : 165302.
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Figure 2.1: Schematic of a one dimensioal SM-SC heterostructure as described by
Eq. 2.1 (reproduced from [61]) with a magnetic field pointed along the wire. Majorana
zero modes located at the end of the wire will produce a zero bias conductance peak
in local charge tunneling experiments.

2.1

Experimentally realizable topological superconductivity
The Kitaev model shows topologically protected Majorana bound states oc-

cur at domain walls within p-wave superconductors, but naturally occurring systems
which exhibit p-wave superconductivity are rare. The leading candidate for systems
with p-wave superconductivity is superfluid liquid helium 3 H [62, 63, 64, 65, 66],
but detecting Majorana modes in these systems is difficult, and it is unclear how
the Majorana modes would be manipulated even if they were detected. As a result
researchers have set out to engineer materials with the desired results. The first of
these systems came from a pair of proposals from Fu and Kane, which showed conventional s-wave superconductors coupled to topological insulators [67, 68] were able to
exhibit topological superconductivity, but measurements involving exotic topological
insulators proved quite difficult. The biggest breakthrough in the field came with
the introduction of superconductor-semiconductor heterostructures [22, 24, 26, 27],
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which combined commonly researched semiconductors with proximitized s-wave superconductivity, to create an effective “spinless p-wave superconductor” from materials readily available to experimentalists.
Because Kitaev’s model requires spinless p-wave superconductivity (and there
is obviously not such thing as spinless fermions), theorists’ first step in creating a
physically realizable Hamiltonian was to lift the spin degeneracy in order to create
a chain of spin polarized fermions. From Fig. 1.1 (bottom), it is clear that if spin
degeneracy were to be blindly added to the electrons, a pair of Majorana modes would
now be located at each end of the wire, which would immediately hybridize, leaving
the wire topologically trivial. The solution came in the form of spin-orbit materials,
which couple the spin and orbital degrees of freedom. The energy spectrum for a
semiconducting nanowire near the bottom of the conduction band is shown in Fig 2.2.
Initially the energy spectrum is is doubly degenerate Fig 2.2 (left), the application
of strong Rashba spin-orbit coupling, couples the spin to the momentum shifting
the energy parabolas, and hence removing the degeneracy everywhere but at k = 0
[Fig. 2.2 (center)]. The application of a Zeeman field in the direction of the wire
opens the gap [Fig. 2.2 (right)] allowing the chemical potential to be tuned within
the gap such that it intersects only one spin sub-band. It has been shown [69] that
in s-wave superconductors with strong Rashba spin orbit coupling, a pair of Cooper
pair wavefunctions are created which are a mixture of singlet and triplet components,
resulting in a Hamiltonian for an effective spinless p-wave superconductor, known as
a superconductor-semiconductor heterostructure.
Z
Hef f =

  2 2


~k
dk
†
ψ
− µ + αR kσy + Γσx ψk + ∆ψk↑ ψk↓ + h.c.
2π k 2m

(2.1)

Here m is the effective mass, µ is the chemical potential, αR is the Rashba spin orbit
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Figure 2.2: Energy spectrum associated with Eq. 2.1 (∆ = 0) (left) for a semiconducting wire (µ ∼ 0, αR = 0, Γ = 0), (middle) a a semiconducting wire with strong
spin orbit coupling (µ ∼ 0, αR > 0, Γ = 0), and (right) a semiconducting wire with
strong spin orbit coupling and magnetic field applied along the direction of the wire
(µ ∼ 0, αR > 0, Γ > 0). The spin-orbit coupling shifts the parabolas in momentum
space, lifting the degeneracy between the spin-bands. Application of the Zeeman field
then opens the band gap, allowing the chemical potential to be tuned within the gap
such that it only crosses one spin-band
coupling, Γ is the applied Zeeman field, and ∆ is the superconducting pairing. The
biggest experimental advantage that this Hamiltonian, based on a superconductorsemiconductor heterostructure, has over previous proposed models [67, 68], is that
because the chemical potential µ and the Zeeman field Γ are based on parameters
which can be controlled experimentally using various gate potentials [28, 29, 30, 31,
32, 33, 34, 35, 36], the system can be driven into the topological phase supporting Majorana zero modes. This ability to control the emergence of the topological phase, has
lead to an explosion in research and is key to physical applications such as topological
quantum computing.
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2.2

Partially Separated ABS in Proximitized Semiconductor Nanowires
Topological superconductors are characterized by a gap in the bulk excita-

tion spectrum and gapless boundary excitations, called Majorana modes [21, 53, 70,
71, 72]. The zero energy Majorana modes, localized near topological defects or the
edges of one-dimensional systems are predicted to have non-Abelian exchange statistics and have been proposed as building blocks for topological qubits. While MZMs
have not yet been conclusively observed in experiments, they have been theoretically shown to exist in low-dimensional spinless p-wave superconductors [70, 21], in
topological insulators with proximity induced superconductivity [73], and more recently in low-dimensional spin-orbit-coupled semiconductor-superconductor (SM-SC)
heterostructures in the presence of a Zeeman field [22, 23, 24, 25, 26, 27, 74]. The SMSC heterostructures, in particular, have motivated tremendous experimental efforts
in recent years [28, 29, 30, 31, 32, 33, 34, 35, 36, 75, 76, 77].
To gain further insight into the possible types of behavior exhibited by the
trivial low-energy ABSs, we represent such a state as a pair of Majorana bound states
(MBSs), each of which can be represented by a second quantized operator satisfying
the Majorana condition γ † = γ. Such a construction (Eq. 2.3 and Eq. 2.4) can
obviously be done for any eigenstate of the Bogoliubov-de Gennes (BdG) Hamiltonian,
but in this paper we are interested only in the low energy states that appear in
the sub-gap energy range in SM-SC heterostructures at finite values of the Zeeman
field. As we show, the ps-ABS is a convenient concept that interpolates continuously
between the “garden variety” ABS, which consists of two MBSs sitting “on top of”
each other, and the topologically protected pair of MZMs, which are separated by a
distance given by the length of the wire (L). Such an interpretation of an ABS in the
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crossover regime between small and large overlap of component MBSs was used earlier
[78], and argued to produce non-universal behavior in tunneling experiments [79], but
their importance for interpreting the existing ZBCP data in SM-SC heterostructures
in the presence of Zeeman field was not discussed.
The problematic ps-ABSs consist of MBSs separated by a distance of the
order of the characteristic Majorana length-scale (ξ) or larger (but less than the
length of the wire), in which case the near zero energy ZBCP of such a state can be
robust to changes in a multitude of experimental parameters,such as, Zeeman field,
chemical potential, barrier height, induced pair potential, and, when a quantum dot
is present,[35, 38, 40] the dot potential. When one of the constituent MBSs of such
a ps-ABS is located at the end of the wire, it generates experimental signatures in
charge tunneling measurements (e.g., local charge tunneling into one end of the wire,
resonant charge tunneling between the two ends in the Coulomb blockade regime [34])
that are identical to those produced by a “true” MZM which is separated from the
other MZM by the length of the wire. Further, the height of the ZBCP generated
by such a ps-ABS has the quantized value, 2e2 /h, while the peak itself is robust
to an extended range of Zeeman field, chemical potential, and other experimental
parameters despite being topologically trivial.

2.3

Partially separated Andreev bound states
To define the ps-ABS more precisely, let us start with the Bogoliubov-de

Gennes (BdG) Hamiltonian of the proximitized semiconductor coupled to a super-
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conductor as given by,
P
P
H0 = −tx i,δx ,σ c†i+δx σ ciσ − ty i,δy ,σ c†i+δy σ ciσ
P
P
x
−µ i,σ c†iσ ciσ + Γ i,σσ0 c†i,σ τσσ
0 ci,σ 0
h
i
P
y
†
x
0
0
c
−
α
c
τ
c
+
h.c.
+ 2i i,δ,σσ0 αc†i+δx ,σ τσσ
0 i,σ
y i+δy ,σ σσ 0 i,σ


P
+ i ∆ind c†i↑ c†i↓ + h.c. τx ,

(2.2)

where the lattice sites i correspond to Ny parallel chains oriented along the xdirection, τ x and τ y are 2 × 2 Pauli matrices acting in the spin space, σ and σ 0
are spin indices, tx and ty are hopping matrix elements, δx and δy are nearest neighbor vectors, µ is the chemical potential, Γ the Zeeman field, α and αy the longitudinal
and transverse Rashba coeficients, respectively, and ∆ind is the pair potential in the
semiconductor proximity induced from a host superconductor. In this paper we take
Ny = 1, the case of a single chain, leading to ty = αy = 0. In Sec. 2.4, while discussing the quantum dot-nanowire-SC heterostructure, we take ∆ind to be non zero
and uniform only in the part of the SM wire covered by the SC and zero outside, see
Fig. 2.3. In Sec. 2.3, while discussing the effect of long length scale variations, we
supplement the Hamiltonian in Eq. 2.3 by a position dependent potential function
Vc (i) (see Eq. 2.7). Consider a low-energy solution of the effective BdG Hamiltonian
H0 corresponding to a positive energy   ∆ind . Using the spinor representation
ψi = (ci↑ , ci↓ , c†i↑ , c†i↓ )T , where i labels the position along the wire, one can write the
wave function of the low-energy state in the form φ (i) = (ui↑ , ui↓ , vi↑ , vi↓ )T . Particlehole symmetry ensures that there will also be a negative-energy solution of the BdG
∗
∗
equation described by the wave function φ− (i) = (vi↑
, vi↓
, u∗i↑ , u∗i↓ )T . Using these
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solutions, we construct the linear combinations
1
χA (i) = √ [φ (i) + φ− (i)] ,
2
i
χB (i) = √ [φ (i) − φ− (i)] .
2

(2.3)
(2.4)

These states have a spinor structure of the form χα (i) = (e
uαi↑ , u
eαi↓ , u
e∗αi↑ , u
e∗αi↓ )T , where
∗
∗
). The corresponding creation
, while uB,i,σ = i(uiσ −viσ
α = A, B and uA,i,σ = uiσ +viσ

operators,

γα† =

X


u
eαi↑ c†i↑ + u
eαi↓ c†i↓ + u
e∗αi↑ ci↑ + u
e∗αi↓ ci↓ ,

(2.5)

i

manifestly satisfies the Majorana condition, γα† = γα . Hence, given the low-energy
BdG states φ and φ− , one can uniquely define the modes χA and χB corresponding
to the Majorana operators γA and γB . Note, however, that these Majorana modes
are not exact eigenstates of the BdG Hamiltonian. More specifically, we have

hχα |H|χα i = 0,
hχA |H|χB i = i.

(2.6)

Also, the construction described above can be done for any eigenvalue of the BdG
Hamiltonian. Nonetheless, it has special significance for the low-energy sub-gap
states, which are typically localized.
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Figure 2.3: (Color online) Schematic representation of the SM-SC heterostructure in
Ref. [35] (see also Ref. [38] and Ref. [40]). Proximitized semiconductor nanowire coupled to a quantum dot, where the dot is represented by the segment of the wire that
is not covered by the superconductor. (A) The induced paring is ∆ind = 0.25 meV
in the proximitized region and vanishes in the dot region. (B) Effective potential
V1 (x) normalized by ∆ind = 0.25 meV; the dot corresponds to a potential valley.
(C) Effective potential V1 (x) normalized by ∆ind = 0.25 meV; the dot is modeled
as a potential step. In this paper we model the quantum dot as a potential step,
while Refs. [38],Liu-Sau model the quantum dot as a potential valley. Which one of
the profiles V1 (x) or V2 (x) better represents the potential characterizing the quantum dot in the quantum dot-nanowire-superconductor hybrid devices realized in the
laboratory depends on the specific materials, the work function difference between
the semiconductor and the superconductor, and on the voltage applied under the dot
region.
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The spatial profiles of the Majorana bound states constructed above provide
extremely useful information concerning the robustness of the low-energy mode φ
with respect to variations of the control parameters. More specifically, strong overlap
(i.e., spatial separations between χA and χB smaller than the characteristic length
scale ξ) implies that  is extremely sensitive to variations of the control parameters
(e.g., Zeeman field) and, consequently, the low-energy mode φ will not “stick” to zero
energy. By contrast, well separated MBSs (i.e., a separation between χA and χB of the
order of ξ or larger) will result in a robust low-energy mode since the overlap in Eq. 2.6
is small “by construction”, regardless of the specific parameter values. In addition,
these spatial profiles can provide information about the signature of the low-energy
mode φ in a local measurement. If the couplings between the probe and the modes
χA and χB are comparable, the signature will correspond to a standard ABS. If, on
the other hand, the MBSs are well separated (the separation between them being ∼ ξ
or larger) and the probe couples strongly to one of them and (exponentially) weakly
to the other, the corresponding signatures will be indistinguishable from that of a
“true” MZM.
Based on these general considerations, we distinguish three classes of lowenergy modes that can emerge in semiconductor-superconductor hybrid systems.
First, we have the “standard” ABSs, which are low-energy modes that correspond to
strongly overlapping MBSs. In this case, the separation between χA and χB is smaller
than their characteristic length scale ξ. Second, we have the “true” Majorana zero
modes. In this case, χA and χB are localized at the opposite ends of the wire and
φ represents the wave function of the (non-local) fermionic mode ψ † = (γA + iγB )/2
corresponding to the pair of MZMs. Finally, we have the ps-ABSs, which are characterized by component MBSs (i.e., χA and χB ) separated by distances comparable
with or larger than ξ, but less than the length of the wire. The ps-ABSs interpolate
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continuously between the first two classes and cannot be distinguished locally from
true MZMs separated by the entire length of the wire. In fact, they can also be
viewed as MZMs realized in a certain segment of the wire that hosts a local “topological” SC phase, while the rest of the wire is topologically trivial. Here, the term
“topological” is, of course, defined operationally in the context of a finite system –
the finite segment of the wire. Such operationally defined local “topological” region
with zero energy modes in the topologically trivial phase was found earlier in studies
of the energy spectrum of a vortex core in a two-dimensional SM-SC heterostructure
with Rashba spin-orbit coupling and Zeeman field proximity induced from a ferromagnetic insulator. [80] It is important to reiterate, however, that the ps-ABSs occur
in the topologically trivial phase, before the topological quantum phase transition
indicated by the minimum of the bulk gap, and cannot be used for experimental tests
of non-Abelian statistics and topological quantum computation.

2.4

Partially separated ABS in SM-SC heterostructure coupled to a quantum dot
To illustrate the concepts discussed above, let us first focus on a hybrid system

consisting of a proximitized nanowire coupled to a quantum dot[35, 38, 40]. The
structure is represented schematically in Fig. 2.3, together with the corresponding
spatial profiles of the induced pairing and effective potential. We note that typically
the quantum dot is modeled as a potential valley,[38, 40] similar to the profile V1 (x)
in Fig. 2.3(B). However, modeling it as a potential step (see Fig. 2.3(C)) represents
another realistic possibility. Which one of the profiles V1 (x) or V2 (x) is a better
approximation of the potential characterizing hybrid devices realized in the laboratory
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depends on the specific materials, in particular the work function difference between
the semiconductor and the superconductor, and on the voltage applied to the back
gate under the dot region. We find that the assumption of a potential step in the dot
region (Fig. 2.3(C)) facilitates the creation of ps-ABSs, as one of the constituent MBSs
of a low energy ABS induced by the quantum dot can spatially separate to the part
of the SM wire in contact with the SC. By contrast, if the potential in the quantum
dot is modeled as a valley (Fig. 2.3(B)), the constituent MBSs are constrained to live
inside the quantum dot as a result of the confining repulsive potential in the part of
the SM wire in contact with the superconductor.
Next, we assume that the chemical potential, which is measured relative to
the bottom of the highest energy occupied band, is tuned (using back gates) close to
the value of the effective potential in the dot region, as shown in Fig. 2.3, while an
external Zeeman field is applied along the wire. The dependence of the low-energy
spectra on the applied field for three different parameter configurations are shown
in Fig. 2.4. First, we note that the system undergoes a topological quantum phase
transition at a critical field of about 1 meV, as signaled by the minimum in the bulk
spectrum. Of course, the bulk gap remains finite at the “transition” as a result of
finite size effects. Above the critical field, the system is in a topological SC phase
and a “true” Majorana zero mode emerges at each end as a mid-gap state. Again,
the small but finite energy splitting, which is evident in the lower panel, is the result
of finite size effects. Second, we note that a low-energy mode is present even in the
trivial regime, i.e., below the “critical” field for the topological transition signaled by
the bulk gap minimum. In the upper panel of Fig. 2.4, the trivial low-energy mode
produces a zero-energy crossing indicative of a “standard” ABS. When measured
experimentally, such a mode produces a ZBCP that can be easily distinguished from
the ZBCP generated by a MZM. However, tuning the system parameters (e.g., the
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Figure 2.4: (Color online) Low-energy spectrum as function of the applied Zeeman
field for a system with an effective potential profile V1 (x) (top and middle panels)
and V2 (x) (bottom panel). The potential profiles, the system parameters ∆ind and µ
(measured relative to the bottom of the band), as well as the length of the wire are
given in Fig. 2.3. The values of the Rashba spin-orbit coupling α indicated on the
figure are in units of meV·Å. We have considered a single chain with lattice constant
a = 10 nm, tx = 12.7 meV (corresponding to an effective mass mef f = 0.03m0 ),
ty = αy = 0 and the Zeeman field oriented along the wire. The spatial profiles of the
MBSs χA and χB associated with the low-energy modes labeled by roman numerals
are shown in Figs. 2.5 and 2.6.

37

spin-orbit coupling) may result is a situation when the ABSs appear to coalesce at
zero-energy, as shown in the middle panel of Fig. 2.4. The spectroscopic signature of
this low-energy mode can still be distinguished from the signature of a MZM if one has
experimental access to a wide range of Zeeman fields that extends above the critical
field. If, on the other hand, the SC bulk gap collapses before the “phase transition”,
identifying the ZBCP generated by this mode as a signature of a trivial low-energy
state may be more difficult. In particular, it is necessary to perform consistency tests
to check the robustness of the ZBCP (including its quantization at low temperature)
to variations of the controllable experimental parameters.
While the trivial low-energy mode shown in the middle panel of Fig. 2.4 is
a bad impersonator of a MZM, the scenario illustrated in the lower panel should
raise serious concerns regarding the interpretation of the tunneling conductance data
[28, 29, 30, 32, 33, 34, 35, 36, 75, 76, 77]. In this case, the trivial low-energy mode sticks
to zero over a wide range of Zeeman fields and is equally robust against the variations
of other controllable parameters. In fact, it is virtually impossible to differentiate this
mode from a “true” MZM using local measurements at the end of the wire containing
the quantum dot.
To gain more physical intuition, we “decompose” the low-energy modes into
the constituent MBSs χA and χB as discussed above (see Eq. 2.3 and Eq. 2.4), and
analyze their spatial profiles. Consider first the Majorana mode (I) corresponding
to a value of the Zeeman field Γ = 1.2 meV (see Fig. 2.4, top panel). As shown in
Fig. 2.5 (top panel), the two MZMs χA and χB are localized at the opposite ends of
the wire and have an exponentially small overlap. Note that the MZM localized near
the left end of the wire penetrates into the quantum dot, i.e., the normal section of
the wire.[81] Also note that the identification of the yellow/light gray and red/gray
MBSs with χA and χB , respectively, depends on an overall phase difference between
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Mode I (MZM)

|Y|2 (a.u.)

Mode II (ABS)

|Y|2 (a.u.)

Mode III (ABS)

x (mm)
Figure 2.5: (Color online) Spatial profiles of the Majorana bound states χA and χB
(yellow/light gray and red/gray, respectively) defined by Eqs. (2.3) and (2.4) for
the low-energy modes labeled by roman numerals in Fig. 2.4. Mode (I) is a “true”
Majorana mode characterized by two MBSs localized near the opposite ends of the
wire (top panel). Modes (II) and (III) are “standard” ABSs consisting of two MBSs
that are practically on top of each other (middle and lower panels). The values of the
model parameters are given in Fig. 2.3 and Fig. 2.4.
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φ and φ− . Introducing an additional π phase difference (i.e. a minus sign in one of
the wave functions) will switch the positions of χA and χB .
The ABS modes (II) and (III) (see Figs. 2.4 and 2.5)) consist of MBSs that are
practically on top of each other. When probing these modes from the left end of the
wire one practically couples to both MBSs with similar coupling strengths and the
resulting zero bias conductance peaks are (generally) not quantized. An accidental
quantization of the ZBCP can be identified by varying the control parameters, e.g.,
the tunnel barrier height.[40]
The situation is completely different in the case of the trivial low-energy modes
(IV) and (V) (see the lower panel of Fig. 2.4) characterizing the system with a steplike effective potential (V2 ). The spatial profiles of the corresponding MBSs are shown
in Fig. 2.6. These modes are proper ps-ABSs, as the constituent MBSs are separated
by a distance comparable to their length scale (which is of the order ξ ∼ 0.3 µm). In a
charge tunneling experiment that probes the left end of the system, the lead will only
effectively couple to χA , i.e. the yellow/light gray Majorana, while the coupling to the
second (red/gray) Majorana will be exponentially small. As a result, the signatures of
the trivial low-energy modes (IV) and (V) will be indistinguishable from those of the
“true” MZM (VI), since the corresponding yellow Majoranas (χA ) look qualitatively
the same at the left end of the wire, while their red counterparts (χB ) are practically
“invisible” to any local probe.
We conclude that the theoretical description of the low-energy modes that
occur in semiconductor-superconductor structures in terms of partially separated
Andreev bound states represents a powerful tool that allows us to make a direct
connection with the spectroscopic features observed experimentally. Using this tool,
we are able to make a distinction between bad impersonators of MZMs, which are
standard, fine tunned ABSs such as mode (III) described above, and truly worrisome
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Figure 2.6: (Color online) Spatial profiles of the Majorana bound states χA and χB
(yellow/light gray and red/gray, respectively) defined by Eqs. (2.3) and (2.4) for the
low-energy modes marked by roman numerals in the lower panel of Fig. 2.4. The
trivial low-energy modes (IV) and (V) are partially separated ABSs localized near
the left end of the system, which contains the quantum dot. Mode (VI) consists
of two MZMs localized at the opposite ends of the wire. The values of the model
parameters are given in Fig. 2.3 and Fig. 2.4.
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Figure 2.7: (Color online) Schematic representation of the experimental set-up in
Ref. [34]. Metallic leads are coupled to each end of a semiconductor nanowire
proximity-coupled to an s-wave superconductor. Potential gates create tunneling
barriers and control the electrostatic energy of the heterostructure. A bias voltage Vs
is applied across the wire.
trivial low-energy modes, which are ps-ABSs similar to modes (IV) and (V).

2.5

Partially separated ABSs with long length scale
potential inhomogeneities
Next, we consider a quasi-one-dimensional SM-SC heterostructure with a long

length scale potential inhomogeneity in the proximitized nanowire. Such inhomogeneity may arise from the difference in the work functions between the superconductor
and the semiconductor, as well as due to the multiple potential gates used in the
device (Fig. 2.7). The long length scale potential inhomogeneities are expected to
survive the effects of electron-electron interactions and screening, at least for low
occupancy (1-3 occupied bands).[82]
In non-homogeneous SM-SC hybrid structures short length scale potential inhomogeneities can generically give rise to zero energy localized Andreev bound states
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(ABS). [83] While Ref. [83] considered purely local potentials and found zero energy
Andreev resonances only in the topological phase (Γ > Γc ), we find such resonances for
short length scale potentials on both sides of the transition, independent of whether
the system is topological or trivial.
While for a short length scale inhomogeneity the zero energy resonances are
unstable to changes in the Zeeman field (and require fine tuning), for longer length
scale potentials they cross over to sub-gap zero energy resonances that are surprisingly
robust to perturbations (Fig. 2.8), even if the system is topologically trivial.
As in the case considered in the last section, for long length scale potential
inhomogeneities inside the proximitized nanowire, it is virtually impossible to distinguish the zero energy robust but trivial ABSs (which are again ps-ABSs, see Fig. 2.9)
from spatially well-separated MZMs localized near the ends in the topological phase
using any local measurements.
The low-energy physics of the SM-SC heterostructure in the presence of potential inhomogeneity is investigated using a BdG Hamiltonian of the form,

H = H0 +

X

Vc (i) c†iσ ciσ ,

(2.7)

i,σ

where the inhomogeneous background potential is described by the position-dependent
function Vc (i). Typical potential profiles used in the calculation are shown in Fig. 2.8
(A).
The low-energy spectrum is obtained by numerically diagonalizing the BdG
Hamiltonian. In addition, in the next section, we calculate the tunneling differential
conductance in the single-lead and two-lead configurations. Note that in the singlelead configuration the current I is extracted through the SC, while in the two-lead
setup the SC is either grounded or isolated, the last case corresponding to Fig. 2.7.
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Figure 2.8: (Color online) (A) Inhomogeneous potential profiles with characteristic
widths δV = 0.2 µm [red (dark gray)] and δV = 2.0 µm [blue (gray)]. The maximum
height/depth of the potential is V0 , which can be positive or negative. (B) and (C)
Zeeman field dependence of the low-energy spectra. (B) A short-range potential inhomogeneity with δV = 0.2 µm and V0 = −0.55 meV induces an ABS that crosses
zero energy in the topologically-trivial region. A robust MZM emerges in the topological regime [orange (gray)]. (C) A long-range inhomogeneity with δV = 2 µm and
V0 = −1 meV generates four nearly-zero energy MBSs (a ps-ABS near each end) in
the topologically-trivial regime [yellow (light gray)], see Fig. 2.9. The model parameters are tx = 12.7 meV, ty = αy = 0 (single chain), α = 250 meV·Å, µ = −0.5 meV
[panel(B)], µ = −0.75 meV [panel(C)], ∆ind = 0.25 meV, and the length of the wire
is 2 µm.
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The emergence of potential-induced low-energy modes in the topologicallytrivial regime is illustrated in Fig. 2.8.
First, we consider a short-range potential corresponding to the red (dark gray)
curve in Fig. 2.8 (A). The potential induces an Andreev bound state that crosses zero
energy in the topologically trivial regime, as shown in panel (B).
Next, we consider the potential corresponding to the blue (gray) curve in
Fig. 2.8 (A). In this case, upon increasing the Zeeman field, four low-energy states (a
pair of weakly overlapping MBSs at each end) emerge while the system is still in the
topologically-trivial regime, as shown in panel (C).
The partially-overlapping MBSs responsible for the low-energy modes discussed above are shown in Fig. 2.9. The ABS induced by the localized potential
(see Fig. 2.8B) corresponds to two strongly overlapping MBSs, as shown in panel
2.9A. Increasing the width of the potential results in a larger spatial separation between the two MBSs χA and χB . In addition, another pair of low-energy overlapping
MBSs emerges (see panel 2.9B). The overlapping pairs of MBSs (with separation less
than the characteristic Majorana decay length ξ) in panels A and B can be easily
distinguished from topological MZMs (with separation between χA and χB ∼ L) by
examining the stability of the corresponding ZBCPs to various perturbations. However, the low-energy bound states populating the yellow (light gray) topologically
trivial regime (Γ < Γc ) in Fig. 2.8C are the four weakly overlapping MBSs (a ps-ABS
at each end) shown in panel 2.9C.
As before, we conclude that while the trivial low-energy modes shown in Figs.
2.9A and 2.9B) cannot be confused with MZMs because the corresponding ZBCPs will
be quickly split by the Zeeman field, barrier potential, and other perturbations, the
scenario illustrated in Fig. 2.9C should be a matter of serious concern for identifying
the ZBCPs in the existing tunneling conductance data with topological MZMs [28,
45

|Y|2 (a.u.)

dV = 0.2 mm
V0 =-2.2D
G = 1.5D

dV = 0.6 mm
V0 =-3.9D
G = 1.7D

|Y|2 (a.u.)

Position x (mm)

Position x (mm)
dV = 2 mm
V0 =-5.5D
G = 2.5D

Position x (mm)
Figure 2.9: (Color online) Majorana wave functions χA , χB defined in Eq. 2.3 and
Eq. 2.4 for the lowest energy modes in the topologically trivial regime. (A) A localized
potential inhomogeneity (δV = 0.2 µm) generates two strongly overlapping MBSs,
which correspond to a regular “garden variety” ABS. Such an Andreev bound state
resonance can be easily destabilized from zero energy by a change in the Zeeman field
(see Fig. 2.8) (B) By increasing the width of the inhomogeneity (δV = 0.6 µm), the
lowest energy MBSs χA , χB become spatially separated and another pair of MBSs
starts to separate spatially. (C) Four weakly overlapping MBSs forming a pair of
ps-ABSs in a system with long-range potential inhomogeneity (δV = 2 µm). The
green and red states at the two ends originate from the lowest energy spin sub-band,
while the blue and orange states originate from the first higher energy spin sub-band.
The values of the model parameters are given in Fig. 2.8
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29, 30, 32, 33, 34, 35, 36, 75, 76, 77]. In this case, not only do the trivial lowenergy modes (a ps-ABS at each end) stick to zero energy over a wide range of
Zeeman fields, chemical potential, and other external controllable parameters, as we
show in the next section it is virtually impossible to differentiate the ps-ABSs from
a “true” MZM in the topological phase using any conceivable local measurement
including the measurement of two-terminal resonant charge transfer in the Coulomb
blockade regime [34]. In general, if the effective potential in the semiconductor wire
has variations of the order of the induced gap on length scales comparable to the
Majorana localization length, the low-energy modes will correspond to a “Majorana
chain” similar to the situation illustrated in Fig. 2.9C. Note that these MBSs can be
associated with either one of the top occupied spin-split sub-bands.
The dependence of the low-energy modes associated with the partially overlapping MBSs on the inhomogeneous potential is shown in Fig. 2.10. For short-range
potentials, δV  L, the parameters of the calculation (Γ = 1.75∆ and |µ| = 2∆) correspond to the topologically trivial regime. Increasing the characteristic length scale
δV of the potential inhomogeneity stabilizes these low-energy modes (panel B) as a
result of increasing the spatial separation between the MBSs. For large-enough values of δV , effectively zero-energy modes emerge in both the topological (orange/dark
gray) and trivial (yellow/light gray) regimes (panel C).

47

En/D

dV=0.2 mm

En/D

dV=0.6 mm

En/D

dV=2.0 mm

V0/D
Figure 2.10: (Color online) Low-energy spectra in the presence of a non-homogeneous
potential. The Zeeman field is Γ = 1.75∆ and the chemical potential (defined relative
to the bottom of the top band when V0 = 0) is µ = 2∆. The values of the other
parameters are given in Fig. 2.8. As the characteristic length scale δV increases,
robust low-energy ps-ABSs emerge in the topologically-trivial regime [yellow (light
gray) regions in panel C].
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Chapter 3
Quantized zero bias conductance
peaks in charge tunneling
measurements resulting from
partially separated Andreev bound
states
In this chapter we show that when the constituent MBSs comprising a ps-ABS
are separated by a distance on the order of the characteristic Majorana decay length
ξ, these topologically trivial ps-ABSs will result in an experimental signal, which is
identical to those of MZMs in all local charge tunneling experiments, including those
done in the Coulomb blockade regime and in the presence of AB-geometry. We illustrate the formation of such low-energy robust ps-ABSs in two experimentally relevant
situations: a hybrid SM-SC system consisting of a proximitized nanowire coupled to
a quantum dot and the SM-SC system in the presence of a spatially varying inho49

mogeneous potential. We argue that because 2e2 /h-quantized zero bias conductance
peaks, and zero-bias “teleportation” peaks consistent with an exponential decay of
the energy splitting, may occur due to ps-ABSs as well as MZMs, they do not represent unique signatures of topologically protected MZMs. A portion of this chapter has
been accepted for publication: Moore, Christopher, Tudor D. Stanescu, and Sumanta
Tewari Physical Review B 97.16(2018) : 165302.

3.1

Introduction
An applied Zeeman field Γ has been shown theoretically to drive a SM-SC

heterostructure through a topological quantum phase transition (TQPT) at a critical Zeeman field Γ = Γc to a topologically non-trivial superconducting phase with a
zero-energy MZM localized at each end of the wire. While for Γ < Γc the system is
topologically trivial and characterized (in principle) by a finite quasiparticle gap, for
Γ > Γc , the edge-localized MZMs are expected to be observable in local charge tunneling experiments at the ends of the wire as a quantized zero bias conductance peak
(ZBCP) with a peak height (at zero temperature) of 2e2 /h [84, 85, 86, 87]. In the
past few years several observations of robust ZBCPs consistent with the presence of
MZMs in quasi-one-dimensional SM-SC heterosructures in the presence of a Zeeman
field have been reported in the literature [28, 29, 30, 32, 33, 34, 35, 36, 75, 76, 77].
Recently, the fabrication of high-quality semiconductor wire - epitaxial superconductor structures has allowed the measurement of charging effects in the Coulomb
blockade regime [34]. Measurements of the zero-bias conductance in charge tunneling
with normal leads attached at each end of the wire (the so-called teleportation signal [88]), suggest a suppression of the lowest mode energy splitting with increasing
wire length, which was cited as evidence for the exponential topological protection
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of MZMs [34, 89]. More recently, a quantized conductance peak of height 2e2 /h was
found in InSb nanowires covered with superconducting Al. The quantization of the
peak height was found to be robust to variations in the external parameters, such as
the Zeeman field and the height of the tunnel barrier [36].
Trivial low-energy sub-gap states emerge rather generically in semiconductorsuperconductor hybrid systems in the presence of disorder [90, 39, 91, 92, 81, 93],
non-uniform system parameters [94, 95, 96, 97, 98, 99, 100, 101, 102, 103], weak
antilocalizaton[104], or coupling to a quantum dot [38, 40]. In many situations these
low-energy states are found to generate ZBCPs that are not quantized at 2e2 /h and/or
are not robust against variations of control parameters such as magnetic field, chemical potential, and tunnel barrier height. One may be tempted to assume that this
property of the trivial low-energy states is generic and that, consequently, one can
distinguish them from topologically-protected MZMs, which generate similar signatures in a tunneling conductance measurement but produce quantized ZBCPs that
are robust to variations in the local parameters. For instance, in a recent theoretical
work [40], where the experiment of Ref. [35]] was modelled as a proximitized nanowire
coupled to a metallic lead via a quantum dot (junction composed of lead and quantum dot-nanowire-superconductor heterostructure with the quantum dot subject to
a confining potential [35, 40]), it was claimed that the ZBCP due to ABS in the
topologically trivial phase is not stable and oscillates (or splits) as a function of the
dot potential, and this property can be used to distinguish between low energy ABSs
in the topologically trivial phase and MZMs in the topologically non-trivial phase,
which are robust to such local variation in the dot potential. However, as pointed
out recently [41] and demonstrated in detail in this paper, this is not generically the
case, since there are situations involving partially separated ABSs (ps-ABS) where
one cannot distinguish between trivial low-energy modes and MZMs using any type
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of local measurement at the end of the wire. This includes the property that the
height of the ZBCPs generated by both MZMs and ps-ABSs are quantized (to the
value 2e2 /h) over an extended range of parameters.

3.2

Single lead charge tunneling and teleportation
Given the ubiquity of stable low-energy modes associated with ps-ABSs in

SM-SC heterostructures with spin-orbit coupling and Zeeman fields, the following
key question arises: how can one distinguish experimentally between ps-ABSs, which
are robust near-zero energy excitations emerging in the trivial regime (Γ < Γc ), and
spatially well separated, non-degenerate, MZMs associated with the topological phase
Γ > Γc ? We find that ps-ABSs emerging in the trivial phase are indistinguishable
from topological MZMs, if we use localized conductance measurements. As shown in
Fig. 3.1, the local density of states (LDOS) has a pronounced peak at zero energy
in both the topological regime (orange) with a single MZM localized near each end,
as well as in the topologically trivial regime (yellow) with a pair of ps-ABSs near
each end (Fig. 2.9C). Note that the energy splittings associated with these modes are
exponentially protected with increasing wire length in both the trivial and topological
regimes, as shown in the bottom panel. The energy splittings in the topologically
trivial phase are exponentially suppressed in the length of the wire only when the
length scale of the potential fluctuation is also given by the length of the wire L.
In Fig.3.2(A) we show the differential conductance dI/dV for a single-lead set
up similar to that in Ref. [28]. The expected signature of MZMs located at the
ends of the wire is a zero bias conductance peak, which results from resonant local
Andreev tunneling. However, the zero bias peak actually extends smoothly into the
topologically trivial regime (yellow) with robust ps-ABSs at each end generated by a
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Figure 3.1: (Color online)(top) Measurements of the local density of states (LDOS)
as a function of bias potential and Zeeman splitting associated with a long length
scale potential inhomogeneity with characteristic length δV = 2.0µm (Fig. 2.8). For
sufficiently long potential length scales zero energy crossings in the LDOS spectrum
exist in the topologically trivial regime [yellow (light gray)] due to a ps-ABS at each
end. (bottom) Logarithm of the energy splitting ∆E ∝ exp(−L/ξ) as a function
of wire length L showing exponential protection of the energy splitting in both the
topologically trivial regime [yellow (light gray) dots, Γ = 2.5] and the topological
regime [orange (gray) dots, Γ = 3.5. LDOS was taken at a temperature of T ≈ 20mK,
with the values of the other parameters given in Fig. 2.8. In the trivial regime the
energy splitting is exponentially suppressed in the length of the wire only when the
length scale of the potential fluctuation is given by the length of the wire L.
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Figure 3.2: (Color online)(A) Single lead differential conductance plot of a 2µm
superconductor-semiconductor heterostructure with a normal lead at one end of the
wire. The Zeeman field ranges from Γ = 1.5∆ to Γ = 4∆ with profiles offset for clarity.
(B) Two lead differential conductance in the Coulomb blockade regime as a function of
Bias potential V and Zeeman splitting Γ with long length scale potential fluctuations
δV = 2.0µm . Peaks exist in both the topologically trivial [yellow (light gray)] and
the topological [orange (gray)] regimes. These peaks are suppressed at zero energy
crossings in the spectrum. (C) Two-lead “teleportation” differential conductance as
a function of bias potential at Γ = 4∆, showing exponential suppression with length
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of the wire. In this figure, all conductance calculations were performed for a chain at
a temperature T ≈ 20mK, with the values of the other parameters given in Fig. 2.8

long length scale potential inhomogeneity.
More recently, experiments on SM-SC heterostructures have been carried out
in the Coulomb blockade regime [34], where charging energy discriminates between
states with different numbers of electrons and resonant Andreev tunneling is suppressed, allowing the coherent transport of a single electron via the complex fermionic
mode ψ † = γ1 + iγ2 composed out of the MZMs localized near the ends. This process,
sometimes called “teleportation” [73, 105, 106], is observable as a zero bias conductance peak periodic in the gate-induced charge Ng with a period e [34, 89].
In Fig. 3.2(B) we show the differential conductance as a function of bias potential and Zeeman field for a two-lead set up (Fig. 2.7) in the Coulomb blockade regime.
We incorporate the effects of the charging energy Eg by suppressing the anomalous
tunneling (Andreev) processes at the lead-superconductor interfaces.
In the topological regime, the remaining MZM-assisted charge tunneling process between the two metallic leads is expected to represent the “teleportation” amplitude.
In Fig. 3.2(C), we show the exponential fall-off of the zero bias conductance
peak in the Coulomb blockade regime for Zeeman splitting corresponding to the
topological regime. This behavior is due to the exponential suppression of the wave
function overlap between the MZMs in the topological phase. However, we find a
similar exponential fall off in the topologically trivial regime with robust ps-Andreev
states due to potential fluctuations. In Fig. 3.2(B) , we show that well-defined zero
bias peaks resulting from a two-lead set-up actually exist in both the topologically
trivial (yellow) and non-trivial (orange) regimes in the presence of ps-ABSs with long
length scale potential inhomogeneity in the SM.
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3.3

Partially separated Andreev Bound states in
systems with AB Geometry

Figure 3.3: Schematic of the experimental setup for a ring with Aharonov-Bohm
geometry. Two leads described by Eq. 3.5 held at a potential V , are coupled to each
other and to the end of a topological superconducting wire described by Eq. 3.5.
Numerical calculations were carried out in KWANT [107], for a ring of radius 1µm.
The values chosen for the topological superconductor (TSC) were chosen similar to
those in Sec. 2.5 with a symmetric potential profile of V0 = −5.5∆ and and chemical
potential µ = −2.35∆. The Zeeman field in the wire is Γw = 2.7∆. The phase
difference between the leads can be accounted for with Peierls’s substitution [108] by
adding a phase factor to the hopping energy, t → t exp (iφ/2), of all of the lattice
sites between the leads on the bottom half of the wire.
The motion of an electron in a quantum system is coupled to the vector potential via Berry’s phase [109]
I
γn = i

~ · hn; R|∇
~ R n; Ri
~
dR
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(3.1)

~ is a set of parameters on which the Hamiltonian depends (in our case the
in which R
coordinates in the path of the wire) and the vector potential is defined such that [110]

~ ≡ i hn; R|∇n;
~
~
A
Ri

(3.2)

Thus
I
γn (C) =

~ n (`) · d` =
A

Z h

i
~
∇R × An (R) · d~a ≡ Φ

(3.3)

Applying this to a system such as Fig. 3.3, Berry’s phase becomes a measurable
quantity based on the flux Φ through the wire. A recent experiment was proposed
[111] in which a topological superconducting lead able to support either MSMs or
ABSs was added an AB ring setup with two normal leads such as that in Fig. 3.3.
Here it was claimed that an anti-correlation in the differential conductance due to
a 2πφ/φ0 periodicity in the phase resonances (φ0 ≡ hc/e) measured in the left and
right leads, along with a quantization of the total conductance

G1 + G2 =

2πφ
φ0

(3.4)

at temperature T = 0K, was evidence of the existence of an MZM (as opposed to
non-quantized correlated differential conductance for ABSs).
In this numerical calculation we used the tight binding Hamiltonians
ĤLead =

X

ĤN W =

X

h
i
†
{ψi† [(2t − µ) τz + Γσx ] ψi + ψi+a
(−tτz ) ψi + h.c. }

i

{ψi†

[(2t − µ + V (i)) τz + Γσx + ∆ (i) τx ] ψi +

h

†
ψi+a

i
(−tτz + iασy τx ) ψi + h.c. }

i

(3.5)


written in the Nambu basis with ψi = c↑i , c↓i , c†↑i , c†↓i , in which i represents the lat57

tice site, to represent the semi-infinite lead and the finite topological superconductor
respectively. We show that because coupling a lead to the end of a SM-SC wire in
which the constituent MBSs are spatially separated, as in Fig. 2.6(top)(yellow) will be
nearly identical to coupling to a “garden variety” MZM as in Fig. 2.6(bottom)(yellow),
that the resonant AB conductance measurement as well as the oscillation frequency
will be identical in both cases. Parameters used in calculation are given in the caption
in Fig. 3.3.
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Figure 3.4: Conductances of the two wires as a function of the phase factor for the
topologically trivial “crossover” regime (lef t) with a Zeeman field within the TSC of
Γ = 2.7∆, and the topological regime (A) with a Zeeman field within the TSC of Γ =
4.0∆. The conductance oscilations are nearly identical for wires within the crossover
regime and the topological regime. Both show the signature 2π periodicity associated
with the existence of Majorana fermions as well as resonant peaks quantized at 2e2 /h.
Numerical values used in this calculation are given in Fig. 3.3.
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Chapter 4
Quantized zero-bias conductance
plateau in
semiconductor-superconductor
heterostructures without
topological Majorana zero modes
In this chapter we build on the concepts in Ch. 5 to directly respond to a
widely publicized paper [36], which for the first time reported experimental evidence
of robust zero bias quantized conductance plateaus of height 2e2 /h in quantum dotsemiconductor-superconductor nanowire heterostructures. These results have been
interpreted by many in the field, as well as many in the public, as clear evidence for
the presence of non-Abelian topologically protected Majorana zero modes (MZMs),
since other sources of low-energy conductance are believed to be unable to produce
2e2 /h–quantized ZBCPs which are robust over a wide range of experimental control
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parameters. Based on extensive numerical calculations, we show that, the ps-ABSs
described in Ch. 5 may result in ZBCPs which are not only quantized at 2e2 /h, but
remain quantized forming 2e2 /h-quantized conductance plateaus identical to those
described in Ref. 5. As ps-ABSs can form rather generically in the topologically
trivial phase, even in the absence of disorder, our results conclusively establish that
the observation of quantized conductance plateaus of height 2e2 /h does not represent sufficient evidence for the existence of topologically protected MZMs localized
at the opposite ends of a wire. A portion of this chapter has been accepted for publication: Moore, Christopher, Chuanchang Zeng, Tudor D. Stanescu, and Sumanta
Tewari. ”Quantized zero-bias conductance plateau in semiconductor-superconductor
heterostructures without topological Majorana zero modes.” Physical Review B 98.15
(2018): 155314.

4.1

Introduction
In a recent experimental breakthrough of far reaching consequence in the field

of topological quantum computing (TQC), zero-bias conductance plateaus has been
the observation of quantized zero-bias conductance plateaus with the theoretically
predicted height (2e2 /h) required by topological MZMs [84, 85, 86, 87] hav been observed in local charge tunneling experiments [36]. While previous theoretical work
on proximitized semiconducting nanowires has shown the formation of ZBCPs even
in the absence of MZMs, due to disorder [90, 39, 91, 92, 81, 93], non uniform system
parameters [94, 95, 96, 97, 98, 99, 100, 101, 102, 103], weak antilocalization [104], and
coupling to a quantum dot [38, 40], these peaks of non-Majorana origin do not result in a 2e2 /h–quantized conductance plateau whose height remains constant against
variations of the control parameters (e.g., Zeeman field, tunnel barrier height). Note
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that a quantized conductance plateau does not simply mean the presence of a robust zero-bias conductance peak (of arbitrary height) that sticks at zero energy as
a function of the magnetic field, or the realization of a quantized zero-bias peak of
height 2e2 /h at some specific values of the control parameters, but rather the persistence of a zero-bias peak with a constant quantized height of 2e2 /h over a finite
range of control parameters such as the magnetic field and the tunnel coupling. This
type of feature was so far believed to be associated with the presence of (topological)
Majorana zero-modes. Consequently, in the recent experiments [36] the quantized
peaks of height 2e2 /h and the persistence of the plateaus against the variation of the
control parameters have been used as a key evidence for the presence of topologicallyprotected MZMs localized at the opposite ends of the experimental system. Here, we
demonstrate that the quantized conductance plateaus can also have non-Majorana
origins, emerging in the topologically-trivial regime.
In this paper we perform detailed numerical calculations of the experimental system [36], which is a quantum dot-semiconductor-superconductor (QD-SM-SC)
nanowire heterostructure, and show that quantized conductance plateaus of height
2e2 /h, which are robust over a large range of Zeeman field and tunnel barrier potential, are also possible due to the presence of low-energy Andreev bound states (ABSs)
whose component Majorana bound states (MBSs) are somewhat shifted in space: the
so-called partially separated ABSs (ps-ABS) introduced in Ref. [42]. The ps-ABSs,
on the other hand, are topologically trivial, and cannot be used in TQC because the
separation of the component MBSs, which are localized on the same side of the wire,
cannot be controlled externally [42].
Essentially, when coupling locally to a ps-ABS one couples strongly to only one
of the constituent MBSs [see Fig. 4.1(b)], while the other remains ”invisible”. We thus
arrive at the important result, relevant to the remarkable set of recent experiments
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[36] and all other tunneling conductance measurements preceding it [28, 29, 30, 32, 33,
34, 35, 75, 76, 77], that the observation of quantized conductance plateaus in local
charge tunneling experiments, even if of the theoretically predicted height 2e2 /h,
cannot be taken as the clinching evidence for the presence of non-Abelian MZMs,
distinguished from other ”non-Majorana” sources such as robust low-energy ABSs as
claimed in the experiments [36].
We interpret the results of this study within a framework based on two observations: i) MZMs and ps-ABSs can be described theoretically using the same
modeling of the hybrid structure. However, in the low Zeeman field regime the psABSs are significantly more common, because the parameter region corresponding
to inhomogeneous systems that support ps-ABSs is much larger than the parameter
region associated with nearly homogeneous systems that host MZMs. ii) The goal of
this study is not to identify the nature of the low-energy states responsible for the
signatures observed experimentally (much less to demonstrate that these states are
ps-ABSs). Given the fundamental uncertainty regarding key parameters of the hybrid
systems used in experiments, such as, e.g., work function differences and couplings
across the SM-SC interface, any attempt to solve these problems purely theoretically
would be futile. The answer has to come from experiment. Here, we only show that
the signature produced by a ps-ABS in a local tunneling measurement is indistinguishable from the corresponding signature of a MZM, even if we test the robustness
of this signature by varying the control parameters.
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Figure 4.1: [(a)-(c)] Profiles of lowest energy mode wave functions: (a) A standard
ABS consisting of a pair of overlapping MBSs, (b) a ps-ABS consisting of two overlapping MBSs whose separation is on the order of the Majorana decay length ζ, and
(c) a pair of non-Abelian MZMs localized at opposite ends of the wire.
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4.2

SM-SC Heterostructure coupled to a quantum
dot

Figure 4.2: (a) Proximitized nanowire junction in which a portion of the semiconductor wire (SM) is not covered by the superconductor (SC), represented by a quantum
dot (QD). (b) Quantum dot potential V (x) = Vbarrier + Vdot as described by Eq. 4.2
may form within the QD due to a combination of tunnel coupling to the metallic lead
(Vbarrier ) as well as application of the tunnel gate potentials (Vdot ). Parameters used
here were, barrier potential height Z = 16∆ and width xt = 0.02µm, a quantum dot
of width x0 ∼ 0.5µm with a potential height V ∼ 5.5∆ which varies over a length
scale of σV ∼ 27.5nm. Induced pairing ∆(x) described by Eq. 4.3 is present within
the proximitized region of the wire. Here we used ∆ind ∼ 0.25meV which varies over
a length scale of σ∆ ∼ 27.5nm. Robustness of the zero bias peaks to different values
of the barrier and dot potentials is shown in Figs. 4.5 and 4.7.
We consider a semiconductor (SM) nanowire with strong spin orbit coupling,
proximity coupled to a superconductor (SC) in the presence of an applied magnetic
field. A portion of the SM wire is not covered by the SC, which may be thought
of as a quantum dot [38, 40, 42], see Fig. 4.2(a). The Bogoliubov-de Gennes (BdG)
Hamiltonian for such a one-dimensional QD-SM-SC heterostructure can be written
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as,

H̃ =


1 2
− ∂x̃ − i∂x̃ σy − µ̃ + V (x̃) τz + Γσx + ∆ (x̃) τx
2

(4.1)

with x̃ = m∗ αx and H̃ = (H/m∗ α2 ). Here σi and τj are the Pauli matrices operating
in spin and particle-hole spaces, respectively, Γ is the Zeeman field and µ is the
chemical potential. Parameters used were, an effective mass m? ≈ 0.03m0 (m0 being
the electron mass), and a Rashba coefficient of α = 400 meV·Å, consistent with
the experiments. All calculations were done at a temperature T ≈ 20 mK unless
otherwise noted. Here V (x̃) = Vbarier + Vdot , in which Vbarrier represents the potential
which arises due to tunnel coupling between the normal lead and the SM wire, and
Vdot which is due to the tunnel gates shown in Fig. 4.2(b). The potential Vdot used
throughout this manuscript is of the form

Vdot

V
=
2




1 − tanh

x̃ − x0
σV


(4.2)

in which V is the height of the gate potential Vdot within the QD, x0 is the length of
the QD, and σV is the length scale over which V varies. The barrier potential Vbarrier
is taken as a sharp potential of height Z and width xt as shown in Fig. 4.2(b). The
induced superconducting pair potential is
∆
∆ (x̃) =
2




x̃ − x0 + δx
1 + tanh
σ∆

(4.3)

where ∆ is the height of the pairing potential, δx is a parameter that controls the
extension of the pairing potential in the QD region due to proximity effect, and
σ∆ is the length scale over which ∆ varies. In Figs. 4.1-4.4 we take V = 5.5∆,
σV = σ∆ = 25nm, x0 = 0.5µm, Z = 16∆, xt = 0.02µm, ∆ = 0.25meV , and
δx = 4σ∆ . The low-energy spectrum is obtained by numerically diagonalizing the
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BdG Hamiltonian corresponding to the nanowire. The robustness of the ZBCP is
shown for different values of the barrier Fig. 4.5 and dot potentials in Fig. 4.7. Values
for the differential conductance G were found by discretizing the Hamiltonian in
Eq. 4.1 as follows,
Ĥ =

X

{ψi† [(2t − µ + V (i)) τz + Γσx + ∆ (i) τx ] ψi
(4.4)

i

+

h

†
ψi+a

i
(−tτz + iασy τx ) ψi + h.c. }



written in the Nambu basis with ψi = c↑i , c↓i , c†↑i , c†↓i in which i represents the lattice
site and t = 38∆ is the hopping matrix element used throughout the calculations.
The zero temperature differential conductance

G0 (V ) =

e2
(N − Ree + Rhe ),
h

(4.5)

was found using the S matrix method [107]. Here N is the number of electron channels in the lead, Ree is the total probability of normal reflection and Reh is the total
probability of Andreev reflection for an electron in the lead. Finite temperature
is represented by broadening the zero temperature conductance through a convolution with the derivative of the Fermi-function in the usual manner, G (V, T ) =
R
− dG0 () fT0 ( − V ).
To analyze the low-energy ABSs, we represent the BdG eigenstates φ±ε (i) of
Eq. 4.4 as a pair of overlapping MBSs, χA (i) =
√i
2

√1
2

[φε (i) + φ−ε (i)] and χB (i) =

[φε (i) − φ−ε (i)]. Using this formalism, a standard ABS is defined as a superposi-

tion of constituent MBSs that are sitting directly on top of one another (Fig. 4.1(a)),
a ps-ABS as a superposition of constituent MBSs that are separated on the order
of the Majorana decay length ζ (Fig. 4.1(b)), while topological MZMs correspond to
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constituent MBSs separated by the length of the wire (Fig. 4.1(c)). From the wave
function profiles, it is straightforward to see that if a ps-ABS is present in the quantum dot region, as in Fig. 4.1(b), a tunnel probe placed on the left hand side of the
wire will predominantly couple to a single MBS (purple), making it indistinguishable
from a MZM, as in Fig. 4.1(c). Note that in a finite wire the bulk gap does not
completely close and thus a ps-ABS can be continuously connected to a pair of nonAbelian MZMs. By contrast, in an infinite (or long) wire, in which the bulk gap closes
signaling a TQPT, the ps-ABS and MZMs are separated by a quantum phase transition and only the pair of MZMs for Γ > Γc are topologically non-trivial. Moreover,
ps-ABSs cannot be used in TQC, because the separation between the component
MBSs in a ps-ABS can not be controlled independently.
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4.3

Quantized Conductance Plateau with Variation of the Zeeman field

Figure 4.3: [(a),(b)] Low-energy spectra as a function of Zeeman field for a nanowire
with the potential profile in Fig. 4.2(b). The Zeeman field Γ > Γc region is marked by
the red zero energy mode (MZM), while the blue zero mode marks the region supporting ps-ABSs. [(c),(d)] Differential conductance spectra as a function of Zeeman field
corresponding to energy spectra in panels (a) and (b) respectively. (e) Zero bias line
cuts from conductance spectra in panels (c) and (d) showing 2e2 /h-quantized conductance plateaus against variation of the Zeeman field for two representative values
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of the chemical potential due to the presence of a ps-ABS (blue) and MZM (red).

In Fig. 4.3(a)-4.3(b) we show the low-energy spectrum of the QD-SM-SC structure as a function of the applied Zeeman field. A pair of robust zero modes emerge in
this plot (blue) well before the bulk band gap has a minimum signaling the TQPT.
We associate these modes with ps-ABSs, while the zero energy modes beyond the bulk
gap closing (red) are topological MZMs. The corresponding plots of the differential
conductance as a function of Zeeman field [Fig. 4.3(c)-4.3(d)] shows a robust ZBCP
in the topologically trivial regime indistinguishable from the ZBCP in the topological regime. Furthermore, Fig. 4.4 shows an exponential dependence of the ZBCP
height and width on the temperature for both MZMs and ps-ABSs. These robust
ZBCPs form 2e2 /h-quantized conductance plateaus both in the topologically trivial
and non-trivial regimes (Fig. 4.3(e)), similar to those observed in the experiments
[36].
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Figure 4.4: [(a),(b)] Vertical line cuts from the differential conductance spectra shown
in 4.3(c) showing a 2e2 /h–quantized ZBCP due to the presence of a ps-ABS (blue,
Zeeman field Γ < Γc with Γc the critical field) and a MZM (red, Γ > Γc ). Temperature
dependence of ZBCP from 20 mK to 440 mK in steps of 20 mK shows gradual
decrease of the peak height. (c) Full width at half maximum (FWHM) as a function
of temperature T for ps-ABS (blue) and MZM (red) of curves taken from panels (a)
and (b).
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Figure 4.5: (Color online) [(a)-(c)] Differential conductance as a function of barrier
height Z and bias potential associated with a standard ABS (Γ = .25Γc ) (a), a psABS (Γ = .75Γc ) (b), and a pair of MZMs (Γ = 1.05Γc ) (c). [(d-f)] Zero bias line cuts
for panels (a)–(c) showing the MZMs and ps-ABSs forming nearly identical profiles
which plateau at 2e2 /h for a wide range of barrier heights. The standard ABS peak
height panel (d) may take any value between 0 and 4e2 /h and quickly goes to 0 with
increased barrier height. [(g),(h)] Vertical line cuts from panels(b),(c) showing ZBCPs
quantized at 2e2 /h over a large range of barrier potential heights Z for both ps-ABS
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and MZM.

4.4

Quantized Conductance Plateau with Variation Tunneling barrier height

Figure 4.6: (Color online) [(a),(b)] low-energy spectra as a function of quantum dot
potential height V associated with the potential profile in Fig. 4.2(b) for ps-ABS
(blue, Γ < Γc ) and MZM (red, Γ > Γc ). Here and in the following plots Vc = 2µ
is taken as the reference dot potential, while the dot potential V is varied between
.25Vc = 2∆ and Vc = 2µ = 8∆. [(c),(d)] Plots of differential conductance as a function
of dot potential height V and bias potential for values consistent with energy-spectra
shown in panels (a) and (b).
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Next, in Figs. 4.5, we plot the differential conductance as a function of bias
potential and barrier potential (Z). These results show that while the ZBCP height
due to a standard ABS may take any value (0−4e2 /h) and quickly drops to zero upon
increasing the barrier potential (Fig. 4.5(d)), the behavior of the ZBCPs induced by
ps-ABSs and MZMs is nearly the same. Indeed, upon varying the barrier height,
both the ps-ABS and the MZM induce (practically indistinguishable) quantized zero
bias conductance plateaus of height 2e2 /h [Figs. 4.5(e) and 4.5(f)]. The low-energy
spectrum as a function of the quantum dot potential V corresponding to the potential
profile shown in Fig. 4.2(b) is shown in Fig. 4.6(a) for a ps-ABS (blue, Γ < Γc )
and in Fig. 4.6(b) for a MZM (red, Γ > Γc ). The corresponding dependence of
the differential conductance shown in Figs. 4.6(b) and 4.6(c), respectively, has similar
(practically indistinguishable) features. Finally, the ps-ABS and the MZM have nearly
identical 2e2 /h-quantized conductance peaks that are robust against variations of the
dot potential, as shown in Fig. 4.7.
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Figure 4.7: (Color online) [(a)-(d)] Horizontal zero bias line cuts with panel (a) corresponding to Fig. 4.6, and panels (b)-(d) corresponding to identical systems with
decreased QD lengths x0 , given in plots. The formation of a 2e2 /h-quantized plateau
can be seen for both ps-ABSs (blue) and MZMs (red) as a function of quantum dot
potential, and persists for a wide range of QD lengths x0 . As the length of the QD
x0 is decreased, the overlap between the constituent MBSs increases, as a result the
zero bias conductance plateau associated with the ps-ABS (blue) becomes less robust
to changes in the dot potential V .
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4.5

Effect of Super Gate Potential

Figure 4.8: (Color online)(a) Low-energy spectra as a function of chemical potential.
The red line signifies the topological region supporting MZMs, the blue line shows
a non-topological region supporting ps-ABSs which stick to zero energy for a wide
range of chemical potential. (b) Zero bias line cut taken from (c) showing a robust
2e2 /h–quantized conductance plateau forming in the topologically trivial regime due
to the presence of a ps-ABS. (c) Differential conductance spectrum as a function
of chemical potential for parameter values consistent with values in the caption for
Fig. 4.2.

76

The dependence of the low-energy spectrum on the chemical potential, which
experimentally can be controlled by changing the super-gate potential, is shown in
Fig. 4.8(a). A robust zero energy mode emerges in the trivial regime (blue) due
to a ps-ABS, well before the topologically non-trivial regime (red). This results in
a robust 2e2 /h-quantized conductance plateau as function of the chemical potential
[Figs. 4.8(b) and 4.8(c)]. As in Ref. [36], the quantized ZBCP exhibits some oscillatory
behavior due to peak splitting, with the ZBCP returning to the 2e2 /h-quantized value
but never exceeding it.
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4.6

Effect of Rotation of the Zeeman Field

Figure 4.9: (Color online) [(a),(b)] Differential conductance as a function of the in
plane angle of the Zeeman field for the ps-ABS (a) and the MZM (b) shown in
Figs. 4.1(b) and 4.1(c). A ZBCP appears for a small angle in which the Zeeman field
is almost aligned with the wire. As the angle between the wire and the direction of the
Zeeman field is increased the ZBCP is destroyed in both cases due to splitting. [(c),(d)]
Low-energy spectra as a function of Zeeman field the blue (red) region represents
values of the Zeeman field for which the wire supports ps-ABSs (MZMs) at φ = 0. In
plane rotation of the Zeeman field similarly destroys the ability of both ps-ABSs and
MZMs to form stable zero modes. [(e,(f)] Zero bias line cuts associated with pannels
(g),(h) respectively. As the magnetic field is increased and the spectrum becomes
gapless the 2e2 /h-quantized conductance plateau is destroyed in both the ps-ABS
and MZM regime. [(g),(h)] Differential conductance as a function of Zeeman field
associated with the spectrums in the panels directly above.
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SM-SC nanowires require a magnetic field oriented along the wire in order
to support topological MZMs [22, 23, 24, 25, 26, 27, 74]. Thus re-orientating the
magnetic field toward the direction of the spin-orbit field should rapidly destroy the
MZM-induced ZBCP [75]. The dependence of the differential conductance on the
direction of the magnetic field is shown in Fig. 4.9 for both a trivial ps-ABS (a) and
a MZM (b). In both cases the ZBCP is only present for small values of the angle φ,
for which the he majority of the magnetic field is still aligned with the direction of
the wire. For larger rotation angles Figs. 4.9(c)-4.9(h) the ZBCP is rapidly destroyed,
leaving the system gapless above a critical rotation angle. As a result rotating the
magnetic field destroys the quantized conductance plateau Figs. 4.9(e)-4.9(f) due to
MZMs (red) as well as due to ps-ABS (blue).
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4.7

Effect of Smooth confinement on Robustness
of zero bias conductance plateau

Figure 4.10: (Color online) (top) Low-energy spectra as a function of Zeeman field
for a nanowire with the potential profile Eq. 4.2, taken for decreasing values of the
smoothness parameter σV (given in figures). The Zeeman field Γ > Γc region is
marked by the red zero energy mode (MZM), while the blue zero mode marks the
region supporting ps-ABSs. The amplitude of the zero energy oscillations resulting
from ps-ABSs (blue) increases for decreasing values of the potential smoothness σV ,
while the oscillation amplitudes due to MZMs (red) remain constant with respect to
σV .
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Figure 4.11: (Color online) Plots of differential conductance as a function of dot
potential height Vdot and bias potential for ps-ABSs (top) and MZMs (middle) for
values consistent with those given in the caption for Fig. 4.2. Splitting of the ZBCP
due to ps-ABSs (top) increases with decreased smoothness, while the ZBCP due to
MZMs remains constant. (bottom) Zero bias line cuts from conductance spectra taken
from top and middle panels. As the smoothness of the potential σV is decreased the
zero bias conductance plateau due to pa-ABSs is destroyed while the plateau due to
MZMs remains robust. Note a peak in the ZBCP resulting from ps-ABS (blue) can
be seen to form as the dot potential Vdot goes to zero. This is due to the assumption
in our model that adjusting the tunnel gate within the dot could completely zero
all of the potential fluctuations within the wire, in which case the constituent MBSs
comprising the ps-ABS would completely overlap as in Fig. 4.1(a) ZBCP would peak
at 4e2 /h as in Fig 4.5(d). This peak does not exist for more general models as shown
in Figs. 4.12–4.13.
Previous theoretical work [94] has shown that a smooth confinement potential
at the end a the proximitized nanowire will produce near zero-energy fermionic end
states. In Fig. 4.10 we confirm that the amplitude of the zero energy oscillations
with respect to Zeeman field increases as the smoothness of the potential σV is de81

creased in the topologically trivial regime (blue), but not in the topological regime
(red). In Fig. 4.7 this is shown to result in the zero bias conductance plateau being destroyed for ps-ABSs (blue) and not for MZMs(red), as the smoothness σV is
increased. But where as previous works have predicted that at near zero temperatures these smooth confinement potentials would lead to a 4e2 /h ZBCP [40, 94],
in Figs. [4.11,4.3,4.8,4.5,4.7] we clearly show that potentials for which the height of
the potential Vdot is positive, will produce ps-ABSs which result in 2e2 /h-quantized
ZBCPs (blue), which are robust over a range of barrier heights and are nearly identical to those produced by true MZMs (red). We claim that this stability of the 2e2 /h
conductance plateau arises due to the spatial separation of the MBSs as shown in
Fig 4.7 as opposed to spin polarizations such as those described in Ref. [112]. This
is discussed in the forthcoming pre-print Ref. [113]
In Figs. 4.11 and 4.7 it can be seen that as the dot potential Vdot goes to zero,
there is a spike in the plot of ZBCP as a function of dot potential Vdot for ps-ABSs
(blue). It has been proposed in a recent work [112] that this spike in the ZBCP can
be used to distinguish ps-ABSs from MZMs. In Figs. 4.13 and 4.12 we show that
this spike arises due to the assumption that sweeping the tunnel-gate voltage can
completely zero all potential fluctuations within the wire, and that there are no other
potential inhomogeneities within the bulk of the wire as in 4.2(a). In Fig. 4.13 we
show that because the spatial separation of the constituent MBSs, comprising a psABS Fig. 4.13(a)-4.13(b), arises due to the presence of a potential barrier, as opposed
to a potential well, that as the height of the potential barrier goes to zero, the spatial
separation between the MBSs will decrease [Figs. 4.13(d)-4.13(f)]. When the constituent MBSs are completely overlapping the ZBCP height will increase above 2e2 /h
[Figs. 4.13(n)(blue), 4.13(o), 4.13(p)] as predicted by [40, 94]. This dependency of
the zero bias conductance plateaus on the spatial separation between the constituent
82

MBSs can also be seen in Fig. 4.7, in which the size of the QD is decreased resulting
in an increase in the overlap between the MBSs, and a decreased robustness in the
ps-ABS conductance plateaus (blue).
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Figure 4.12: (Color online) (a) Potential profile described by Eq. 4.2. It is assumed
that Vd is the only potential fluctuation within the wire, it is entirely contained within
the QD, and that it can be completely zeroed out by scanning the tunnel gate (as
seen in Fig. 4.11 and Ref. [112]). Inset shows the interface between the QD and the
SC nanowire. [(b)-(k)] Profiles of lowest energy mode wave functions for decreasing
values of the Dot potential Vdot , values given in plots. Colors of the wave functions
correspond to colored lines in panels (l)-(n) as well as the colored lines in panels (o)-(r).
Because the dot potential is assumed to be the only potential inhomogeneity within
the wire, as the height of the dot potential Vdot approaches 0, the ps-ABS (panels
(b)-(f)) will eventually completely overlap. [(i)-(j)] Show conductance spectra as a
function of dot potential Vdot for ps-ABS (l) and MZM (m). (n) Zero bias line cuts for
conductance spectra in panel (l) representing a ps-ABS (blue), and (m) representing
a MZM (red). As the height of the potential barrier Vdot goes to zero the ZBCP due
to ps-ABS (blue) is no longer quantized due to the large overlap in the wavefunctions
(panels (d)-(f)). [(o)-(r)] Horizontal line cuts from panels (l)-(m) for a quantum
barrier [(o),(p)] and a quantum well [(q),(r)]. For the ps-ABS (o) there is a large
jump in conductance.
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In Fig. 4.13(a) we assume a more realistic model of a QD-SM-SC nanowire
using Eqs. 4.1, 4.2, and 4.3, and an additional potential profile
VW
exp
Vwire (x) = Θ (x − x0 )
σW

1 (x − x0 )2
−
2
2
2σW

!
(4.6)

which exists within the nanowire and can not be completely eliminated by sweeping
the tunnel gate voltage. In Fig. 4.13(b)-4.13(f) we show profiles of the lowest energy
wave functions for ps-ABSs for various values of the dot potential Vdot . It is clear
that unlike in the simplified model in Fig. 4.12 in which the dot potential is the only
potential within the dot, and can be completely eliminated by adjusting the height
of Vdot , the ps-ABS is not completely destroyed by zeroing out the height of the
dot potential Vdot . As a result the zero bias peak shown in the conductance spectra
Fig. 4.13(l)-Fig. 4.13(m) remains robust as the dot potential Vd ot approaches zero.
As can be seen by the zero bias line cut Fig. 4.13(n) and the horizontal line cuts
Fig. 4.13(o)–Fig. 4.13(p) the ZBCP remains quantized as Vdot goes to zero and does
not show the spike seen in Ref [112]
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Figure 4.13: (Color online) (a) Potential profile in which a potential flucuation, described by Eq. 4.6, which extends into the proximitized nanowire is not effected by
sweeping the tunnel gate voltage. [(b)-(k)] Profiles of lowest energy mode wave functions for decreasing values of the Dot potential Vdot , values given in plots. Colors of
the wave functions correspond to colored lines in panels (l)-(n) as well as the colored
lines in panels (o)-(r). Because sweeping the tunnel gate voltage does not entirely zero
out all of the fluctuations within the wire, the ps-ABSs (pannels (b)-(f)) are robust
as Vdot goes to zero. [(i)-(j)] Show conductance spectra as a function of dot potential
Vdot for ps-ABS (l) and MZM (m). (n) Zero bias line cuts for conductance spectra in
panel (l) representing a ps-ABS (blue), and (m) representing a MZM (red). As the
height of the potential barrier Vdot goes to zero the zero bias conductance plateaus
are robust for both the ps-ABSs as well as the MZMs. [(o)-(r)] Horizontal line cuts
from panels (l)-(m) for a quantum barrier [(o),(p)] and a quantum well [(q),(r)].
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4.8

Scaling of the ZBCP with Temperature

Figure 4.14: (Color online) [(a),(b)] Differential conductance Gs as a function of bias
potential Vsd , for various temperatures consistent with values fors ps-ABS and MZM
given in the caption for Fig. 4.2. (c) FWHM as a function of temperature T for
ps-ABS (blue) and MZM (red), dotted line shows exponential fit. [(d),(e)] Linear
and log-log plot of intrinsic tunnel broadening δ as a function of barrier height Z
associated with values in Fig. 4.2. In the limit Z  1, δ ∝ 1/Z 2 for both ps-ABS
(blue) and MZM (red).
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Figure 4.15: (Color online) ZBCP plotted as a function of dimensionless ratio of the
temperature and the tunnel coupling. Parameters used correspond to those given in
caption for Fig. 4.2. In the weak coupling limit (Z  1) ZBCP for both the psABS and the MZM scale as a dimensionless ratio of the temperature and the tunnel
coupling.
In Fig. 4.4 we show the differential conductance as a function of bias potential,
taken at various temperatures, for values consistent with the ps-ABS and the MZM
given in the caption of Fig. 4.2. The peaks are fit using a Lorentzian function (dotted
lines) and the full width at half maximum FWHM (representing the thermal broadening of the ZBCP) is plotted as a function of temperature Fig. 4.4(c). The ps-ABS
(blue) shows exponential temperature broadening of the ZBCP width similar to that
of the MZM (red). The intrinsic tunnel broadening δ (the FWHM of the ZBCP as
T → 0K) for the MZM and the ps-ABS both show δ ∝ 1/Z 2 (Fig. 4.4(d)) in the weak
coupling limit (Z  1). The ZBCPs for both ps-ABSs as well as MZMs are shown
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in Fig. 4.15 to scale as the dimensionless ratio
Z
2δ 2
e2 ∞
1
dE 2
GS (V ) ≈
2
2
h −∞
E + δ 4T cosh (E/(2T ))
2
2e
g(T /δ)
=
h

(4.7)

of the temperature T and the intrinsic tunnel broadening δ as in Refs. [77, 114].
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Chapter 5
Two-terminal charge tunneling as a
means of distinguishing Majorana
zero modes from partially
separated Andreev bound states in
semiconductor-superconductor
heterostructures
We outline a two-terminal experiment involving charge tunneling at both ends
of the wire capable of distinguishing between the generic ps-ABSs and the non-Abelian
MZMs. While the MZMs localized at the opposite ends of the wire generate correlated differential conduction spectra, including correlations in energy splittings and
critical Zeeman fields associated with the emergence of the ZBCPs, such correlations
are absent if the ZBCPs are due to ps-ABSs emerging in the topologically trivial
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phase. Measuring such correlations is the clearest and most straightforward test of
topological MZMs in SM-SC heterostructures that can be done in a currently accessible experimental set-up. We argue that because the formation of ps-ABSs is
dependent on local variables, such as potential fluctuations within the quantum dot
and the difference between the work functions of the QD and the nanowire, that
braiding operations such as those described in Sec. 1.7.1, would be reliant on direct
manipulation of these parameters. As a result the accuracy of calculations based on
the braiding of these MBSs would be no less prone to decoherence than conventional
quantum computing. Until an experiment is done such as the one outlined in this
chapter, there is insufficient evidence to declare victory in the search for MZMs. A
portion of this chapter has been accepted for publication: Moore, Christopher, Tudor
D. Stanescu, and Sumanta Tewari Physical Review B 97.16(2018) : 165302.

5.1

Introduction
We will explicitly show that ps-ABSs – irrespective of whether they are pro-

duced in a lead-quantum dot-nanowire-superconductor set up [35, 38, 40] or proximitized nanowire with long-length-scale potential inhomogeneity – cannot be distinguished from topological MZMs by any local measurements (e.g., one-terminal
charge or spin tunneling measurements). On the other hand, experiments involving quasiparticle interference, fusion, or braiding (which should be able to discriminate between trivial ps-ABSs and topological MZMs) are expected to be technically
difficult.[105, 115, 116, 117] Interpreting the results of such an experiment without
knowing whether the system harbors ps-ABSs or just a single pair of MZMs localized at the opposite ends of the wire would be a complicated task. Therefore, before
conducting such an experiment, it may be crucial to perform simpler tests that are
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sensitive to the presence of ps-ABSs, and are able to distinguish between robust ZBCP
signatures from the topologically trivial and non-trivial regimes. We will show that
the most straightforward such test, one which may be well within the capabilities of
current experiments, is a two-terminal charge tunneling measurement.
The two-terminal charge tunneling experiment involves collecting two sets of
data: the first set records the differential conductance at the left end of the wire by
applying a bias potential to the left lead, the superconductor being grounded, and the
right lead being isolated; the second set, on the other hand, collects the differential
conductance at the right end by applying a bias potential to the right lead, the superconductor being grounded and the left lead being isolated. The tunneling potentials
as well as all other gate potentials are kept fixed throughout the measurement of
both sets of experimental data. We will show in this paper that comparing the left
and the right lead differential conductances, (dI/dV )L and (dI/dV )R , provides essential information about the origin of the ZBCPs, being able to distinguish between
ps-ABSs and topological MZMs from the topologically trivial and non-trivial phases,
respectively. While the MZMs in the topological superconducting phase (Γ > Γc )
will be characterized by correlated differential conduction spectra in both terminals,
including correlations in energy splittings and critical Zeeman fields associated with
the emergence of ZBCPs, such correlations will be absent if the ZBCPs are due to
ps-ABSs in the topologically trivial phase (Γ < Γc ).
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Two-terminal charge tunneling experiment

Effective potential (Veff/D)

5.2

Superconductor
Semiconductor wire

Chemical potential

Position (mm)
Figure 5.1:

(Color online) Schematic representation of the inhomogeneous

semiconductor-superconductor device along with the two effective potential profiles
considered in this study. The potential maxima at the ends of the wire represent the
left and right tunnel barriers. The effective potential is given in units of the induced
gap, ∆ind = 0.25 meV, while the chemical potential can be controlled using back
gates (here we show the case corresponding to µ = 0).
As seen above, the ps-ABSs are a generic low-energy feature of spin-orbit
coupled SM-SC heterostructures in the presence of a (suitably directed) Zeeman field.
Local measurements (e.g., one-terminal charge or spin tunneling) cannot distinguish
between them and non-Abelian MZMs. The ps-ABSs, on the other hand, cannot
be used to demonstrate non-Abelian statistics or to perform topological quantum
operations, which require well separated MZMs localized at the ends of the wire. We
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show that the simplest and most straightforward way of discriminating between a
ps-ABS and a topological MZM (i.e., Majorana zero modes which can be used in
topological quantum computation) is to perform separate tunneling measurements at
the two ends of the wire and look for correlations. We will show that the absence of
correlations is indicative of the presence of ps-ABSs, while the presence of correlations
is consistent with a topological MZM.
Our proposed experiment to discriminate between ps-ABSs and topological
MZMs involves collecting two sets of data. The first data set records the differential
conductance spectra at the left end of the wire by applying a bias potential to the
left lead, with the superconductor grounded and the right lead isolated. The second
data set consists of the differential conductance spectra at the right end by applying a
bias potential to the right lead, with the superconductor again grounded and the left
lead isolated. The tunneling potentials (as well as all other gate potentials) are kept
fixed throughout the measurement for straightforward comparison between the two
sets of data. With ps-ABSs created by non-homogeneous potentials (the case of leadquantum dot-proximitized nanowire hybrid structure [35, 38, 40] is analogous), we
show that comparing the left and the right differential conductances, (dI/dV )L and
(dI/dV )R , provides essential information about the bulk state of the wire, allowing
us to discriminate between ps-ABSs and topological MZMs.
Real nanowires are 3D systems and the electrostatic potential inside the wire
is a position-dependent function V (x, y, z). We note that, in general, the position
dependence of V is determined by the work function difference between the semiconductor and the superconductor, applied gate potentials, and non-homogeneous
charge distributions. By self-consistently solving a three-dimensional SchrodingerPoisson equation it can be shown that the inhomogeneous potentials in the proximitized nanowire can survive electron-electron interaction and associated screening
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effects at least in low occupancy wires with 1-3 occupied bands. [82] However, even
in the absence of potential inhomogeneities in highly clean ballistic nanowires, the
general ideas involving ps-ABSs and utility of two-terminal charge tunneling experiments are more generally valid, as should be clear from the discussion of lead-quantum
dot-proximitized nanowire heterostructure [35, 38, 40] in Sec. 2.4.
Focusing, for simplicity, on a specific confinement-induced band described (approximately) by the transverse wave-function ψn (y, z), we can define a one-dimensional
effective potential as
(n)

Veff (x) = hψn |V (x)|ψn i,

(5.1)

where the matrix element involves a double integral over the transverse coordinates
y, z.
For the purpose of this paper, we use a simplified 1D model and assume
that the effective potential has one of the profiles shown in Fig. 5.1. Note that
the maximum variation of Veff along the proximitized segment of the wire (i.e., not
including the tunnel barriers) is about 1 meV.
In Fig 5.2 and Fig. 5.3 we show the calculated BdG spectra of the proximitized
nanowire with the inhomogeneous effective potential profiles given in the top and the
bottom panels of Fig. 5.1, respectively. The lowest energy states (red lines in Fig. 5.2
and blue lines in Fig. 5.3) coalesce toward zero energy and form robust (nearly)
zero-energy modes at Zeeman fields above (approximately) 0.4 meV. Note that the
“critical field” at which the (nearly) zero-energy mode emerges depends weakly on the
chemical potential over a range of about 1 meV. This behavior is clearly inconsistent
with having a topological quantum phase transition (and the emergence of topological
MZMs separated by the wire length L) in a homogeneous system, where, in weak coup
pling, the “critical” Zeeman field Γc is given by Γc = ∆2ind + µ2 , and is thus strongly
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m=-1.4D
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m=-2.7D

m=-4.3D
3

Figure 5.2: (Color online) Low-energy spectrum as a function of the applied Zeeman
field for the effective potential profile shown in the top panel of Fig. 5.1 and different
values of the chemical potential. The lowest energy modes (red lines) represent a
pair of partially overlapping MBSs that, in general, are not localized near the ends
of the wire. The model parameters are tx = 12.7 meV, ty = αy = 0 (single chain),
α = 250 meV·Å, and ∆ind = 0.25 meV.
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dependent on the chemical potential. Furthermore, the presence of additional lowenergy sub-gap modes (for certain values of the chemical potential) represents another
indication that the system is non-homogeneous. Nonetheless, the lowest energy mode
looks extremely robust, based on how strongly it “ticks” to zero energy, and is thus
for all practical purposes indistinguishable from a topological MZM. Hence, the key
question is, does this mode represent a pair of “true” MZMs localized at the ends
of the wire or a pair of ps-ABSs in the topologically trivial phase? To answer this
question, we determine the differential conductance for charge tunneling into the two
ends of the wire and compare them looking for signs of correlations.
Before we compare the tunneling spectra in the left (L) and the right (R)
leads for parameter sets marked by the numbers 1, 3, and 2 in Fig. 5.2 and Fig. 5.3,
respectively, let us note that in a non-homogeneous system, the general condition for
having MZMs localized at the ends of the wire is (roughly) that the maximum of
the effective potential variation (relative to the chemical potential) be smaller than
the Zeeman splitting (which has to satisfy the topological condition everywhere). In
principle, there is always a magnetic field large enough to satisfy this requirement,
but this value can be practically irrelevant (e.g., if it leads to the collapse of the
bulk SC gap). Nonetheless, if the “effectively homogeneous” condition is realized for
Zeeman fields Γ > Γ∗ , the L and the R spectra are in general uncorrelated for Γ < Γ∗ ,
while showing correlated features for Zeeman fields larger than Γ = Γ∗ . Note that
the value of Γ∗ (which depends on the variation of the effective potential relative to
the chemical potential) can be changed using a back gate potential that generates an
overall shift of Veff with respect to µ.
In Fig. 5.4, the top two panels correspond to a chemical potential µ = −1.4∆
(see Fig. 5.2), which implies a maximum amplitude of the effective potential Veff (x)−µ
(over the proximitized segment of the wire) of about 2.6∆ = 0.65 meV. Hence, for Γ <
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m= 0.0D
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m=-3.0D
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Figure 5.3: (Color online) Low-energy spectrum as function of the applied Zeeman
field for the effective potential profile shown in the bottom panel of Fig. 5.1 and different values of the chemical potential. The blue lines represent partially overlapping
MBSs. Note that for certain values of the chemical potential there are additional
sub-gap low-energy modes. The model parameters are given in Fig. 5.2.
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Γ∗ ≈ 0.65 meV the system is “effectively homogeneous” and one expects correlated
features. Indeed, from Fig. 5.4 one can infer the existence of correlated features (i.e.,
a robust ZBCP and a couple of splitting oscillations) for Zeeman field above roughly
0.5 meV. Note that the low-energy mode that has a minimum gap for Γ ≈ 0.45 meV
(see Fig. 5.2) is only visible from the left end.
The middle two panels in Fig. 5.4 correspond to a chemical potential µ =
−1.2∆ (see Fig. 5.3), hence Γ∗ ≈ 0.7 meV. For Γ > Γ∗ one can clearly see correlated
features, while at lower values of the Zeeman splitting the left and the right spectra
are uncorrelated. Finally, for the lower two panels we have µ = −4.3∆ (see Fig. 5.2),
which corresponds to Γ∗ ≈ 1.1 meV. No correlation can be observed in the spectra.
The MBSs responsible for the oscillatory low-energy mode are localized on the left
side of the wire (one near the left end of the wire, which produces the trace marked
‘3L’ in Fig. 5.4, and the other further inside). The Andreev bound state that crosses
zero energy at γ ≈ 0.9 meV (see Fig. 5.2) is localized inside the smaller potential
minimum near the right end of the wire (see Fig. 5.1) and is only visible from the
right end (see the trace marked ‘3R’ in Fig. 5.4.
We conclude that homogeneous (or effectively homogeneous) systems with a
topological MZM localized at each end of the wire will be characterized by correlated
differential conduction spectra, including energy splittings, critical fields associated
with the emergence of ZBCPs, and even finite energy features (in highly homogeneous
systems). Such features are completely uncorrelated, however, if the ZBCPs are due to
ps-ABSs. These conclusions remain valid even if the ps-ABSs arise in a lead-quantum
dot-nanowire set up [35, 38, 40], in clean ballistic proximitized nanowires devoid
of long length scale potential variations. Note that having different left and right
tunneling barriers may result in different visibilities for various correlated features.
The correlation is given be the corresponding energy scales and not by the values
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of the differential conductance at the two ends. Of course, adjusting the potential
barriers can help obtain similar visibilities for the left and right spectra as well.
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(1L)

(1R)

(2L)

(2R)

(3L)

(3R)

Figure 5.4: (Color online) Differential conductance as function of the applied Zeeman field and bias potential (energy) for the parameters corresponding to the panels
marked by (1) and (3) in Fig. 5.2 and (2) in Fig. 5.3. The traces labeled by L and R
correspond to tunneling from the left and right leads, respectively. The traces shown
in the top panels are correlated for Zeeman fields larger than about 0.5 meV, those
in the middle panels show correlations above 0.7 meV, while the traces in the lower
panels are uncorrelated.
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Chapter 6
Summary and Conclusion
We have shown that the concept of partially separated Andreev bound states
(ps-ABSs) is useful in acquiring physical insight into the low-energy physics of semiconductor -superconductor hybrid structures and interpreting the experimental results. This concept interpolates continuously between the “garden variety” ABS,
which consists of two MBSs that overlap strongly in space, and the topological MZMs,
which are separated by a distance given by the length of the wire (L). Strong spatial overlap between the constituent MBSs χA and χB implies that the energy of the
corresponding standard ABS, as well as the corresponding signature in a tunneling
conductance experiment, are extremely sensitive to the control parameters, e.g., Zeeman field, chemical potential, induced gap, and the height of the tunnel barrier. By
contrast, topological MZMs separated by a distance ∼ L >> ξ (L being the length
of the wire and ξ the characteristic Majorana decay length) are characterized by an
(exponentially) small energy splitting and a quantized ZBCP that are extremely robust to perturbations. The ps-ABS interpolates smoothly between these two cases,
but occurs on the topologically trivial side of the TQPT. The ps-ABS corresponds to
a pair of weakly coupled MBSs (with a spatial separation between χA and χB of the
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order of ξ or larger), which results in a robust low-energy mode that “sticks” to nearzero-energy in an extended range of Zeeman field (and other control parameters) and
generates quantized ZBCPs similar to the “genuine” Majorana zero modes (MZMs)
localized at the ends of the wire.
The standard “garden variety” zero-energy Andreev resonance can be easily
distinguished from MZMs by examining its stability to controllable external parameters (e.g., Zeeman field). By contrast, the possibility of the occurrence of robust
near-zero-energy ps-ABS in an extended range of Zeeman field (Fig. 2.4 lower panel
and Fig. 2.8 lower panel) in the topologically trivial phase (i.e., Γ < Γc where Γc corresponds to the bulk gap minimum), should give one a serious pause when interpreting
the zero bias conductance peaks ubiquitously present in the existing tunneling conductance data [28, 29, 30, 32, 33, 34, 35, 75, 76, 77, 36] in terms of topological MZMs.
We illustrate the possible ps-ABS scenario by considering two relevant experimental SM-SC heterostructures, a lead-quantum dot-nanowire-superconductor junction
[35, 38, 40] and a SM-SC set-up with long length scale potential variations in the proximitized nanowire.[41] In these calculations, the trivial low-energy ps-ABSs not only
stick to near-zero energy over a wide range of Zeeman fields in the topologically trivial
phase, but they are also equally robust against the variations of other controllable
parameters, such as barrier height, chemical potential, and the induced superconducting gap, much as the topological MZMs in the topologically non-trivial phase.
In addition, these ps-ABSs generate quantized zero-bias conductance peaks (ZBCPs)
that are indistinguishable from the corresponding signatures of genuine MZMs. In a
recent theoretical work,[40] it was claimed that the ZBCP due to ABS in the topologically trivial phase of the lead-quantum dot-nanowire-superconductor heterostructure
is not robust against variation in the potential in the quantum dot and can have a
quantized value only accidentally. These properties could be used to discriminate be103

tween low energy ABS and MZMs in this type of hybrid systems. However, we show
that, in general, ps-ABSs with constituent MBSs partially separated are possible even
in quantum dot-proximitized wire systems. These types of trivial low-energy modes
cannot be distinguished from true MZMs using any type of local measurement at the
end of the wire. In particular, a tunneling measurement at the end of the wire results
in a quantized zero bias conductance plateau insensitive to variations in the external
parameters.[36]
Based on extensive numerical calculations, we show that, quantized zero bias
conductance peaks, who’s height remains constant at 2e2 /h as a function of varying
system parameters such as Zeeman field, tunnel barrier height, dot potential, etc.
(the so called quantized conductance plateaus) [36], can arise as a result of partially
separated Andreev bound states, in which the component Majorana bound states are
somewhat shifted in space without being topological MZMs. As partially separated
Andreev bound states can form generically in the topologically trivial phase, as illustrated in this paper with a step like potential in the quantum dot region which
can be induced by tunnel gates, we conclude that the recent experimental observations showing quantized conductance plateaus of height 2e2 /h as a function of various
control parameters cannot represent definitive evidence for the presence of MZMs.
We emphasize that a more “realistic” modeling of the experimental system
(which would face major challenges, considering our limited knowledge of key microscopic parameters that characterize the hybrid systems studied experimentally) is not
expected to modify this conclusion. Essentially, when coupling locally to the end of
the quantum dot, which may harbor a ps-ABS, one couples much stronger to one of
the constituent MBSs than to the other because of the partial separation between the
pair of MBSs. Thus, the other constituent MBS basically remains “invisible” to the
tunneling lead. For instance, in Fig. 4.1(b) the tunnel lead, which couples from the
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left end, should couple much more strongly to only one of the MBSs (shown in blue),
while coupling to the other MBS (shown in yellow) is strongly suppressed because of
partial decoupling of the MBSs. Thus, the local coupling to a ps-ABS is effectively
equivalent to the local coupling to a MZM.
In light of these results we conclude that the observation of robust ZBCPs,
even a ZBCP that has the “expected” quantized value of 2e2 /h at low temperature,
or the observation of a zero-bias “teleportation” peak consistent with an exponential decay of the energy splitting do not represent unique signatures of topologically
protected MZMs, because similar signatures can also appear in the effectively topologically trivial phase in the presence of ps-ABSs. The ps-ABSs, on the other hand,
cannot be used to demonstrate non-Abelian statistics or to perform topological quantum operations, which require well separated MZMs localized at the ends of the wire.
We have shown that, in the absence of an interferometric measurement, the simplest
and most straightforward way of discriminating between ps-ABSs and topological
MZMs (where by “topological MZMs” we mean Majorana zero modes that are localized at the ends of the wire and can be used in TQC) is to perform separate
tunneling measurements at the two ends of the wire and look for correlations. The
absence of correlations is indicative of ps-ABSs, while the presence of correlations
is consistent with topological MZMs. We note that the only possibility of getting a
“false signal” is when identical quantum dots are present at both ends of the wire,
or when the long length scale potential variations are reflection symmetric about a
plane perpendicular to the wire. However, in this case the correlations are not robust against local variations of the control parameters (e.g., the gate voltage at one
end of the wire). we conclude that the local charge tunneling measurement, which
was, so far, the primary type of probe used in experiments, has exhausted its potential to reveal useful information regarding the distinction of MZMs from low-energy
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ABSs (ps-ABSs in particular), both of which can appear in SM-SC hybrid structures.
The next stage must involve non-local probes, such as, for example, the two-terminal
charge tunneling measurement [42, 118].
CM and ST acknowledge support from ARO Grant No: (W911NF-16-1-0182).
TDS was supported by NSF, DMR-1414683.
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